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The dimension function for semilocal rings
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Still S is a general semilocal ring.....

dim: V(S) — N§

is a monoid morphism, which is injective.
What is dim(V/(S))? Ans: Facchini, H. 2000‘

dim: V*(S) — (Ng)k

is a monoid morphism, which is injective!!! (Prihoda 2007)

What is dim(V*(S))? We do not know, in general ‘




The case of non necessarily commutative noetherian rings

Theorem
(H., Prihoda 2010) Let A be a submonoid of (N§)* containing
(n,...,nk) € Nk. Then the following statements are equivalent:

(1) A is is the set of solutions in Nj of a system of homogeneous
diophantic linear equations and of congruences

X1 X1 X1 m Ng
E; . =E . and D X € X
Xk Xk X mal 0

where the coefficients of the matrices D, E1 and E, as well as
my, ..., m, are elements of Ng and m; > 1.

(2) There exist a noetherian semilocal ring S with
dim(V*(S)) = A.
In the above situation, dim(V(S)) = ANN§.
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the solutions in Njj are A; = B J{(oc0,00)} =B+ o0 - B

» The solutions of are

A = A1 + (OO, O)No

» The solutions of ’ 2x+y =2y + x‘ are

Az = A1 + (00,0)Ng + (0, 00)Np

In the above take, for example, (n1,n2) = (1,1)

» Fix m > 1. The solutions of
2x +y =2y +x and x + my € mNj

are

Az = mA; + (OO, O)No + (Oq OO)NO + (OO, 1)N0 + (1 OC)NO

In the above take, for example, (n1, n2) = (m, m)



Finitely generated modules
Let R be a local commutative noetherian ring, with completion R.
Let Mg be a finitely generated right R-module with endomorphism
ring S. Then
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Let R be a local commutative noetherian ring, with completion R.
Let Mg be a finitely generated right R-module with endomorphism
ring S. Then

MorR=LM - oL

with Ly,..., Lk indecomposable R-modules.
If N is a countably generated module in Add (M) we set

dim((N)) = dim((Homg(M, N))) = (a1, ..., ak)
and this means
MogR= Lo ..o

dim(V/(M)) was determined by Roger Wiegand (2001) :
» Diophantic monoids for torsion free modules over analitically
unramified local domains of Krull dimension 1.
» The general case for modules over local domains of Krull
dimension 2



Main realization Theorem

Theorem

Consider submonoid of N§, containing (n1, ..., nx) € N¥, defined
by a system of equations E1X = E;X where E; have entries in Ny.
Set F be a matrix of suitable size which all its entries 1.

Then there exists a local noetherian domain R of Krull dimension 1
with reduced completion R, and a finitely generated torsion free
R-module M such that dimg(V*(M)) is the set of solutions of the
system

(E1+ F)X = (Ex+ F)X.

Here, any module of the form L(lal) D Lfk) is extended from
an R-module provided that at least one a; is infinite



Thanks for your kind attention!!!
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