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Khovanov’s strategy for the colored Jones polynomial

I Build a nice resolution of simple Uq(sl2)-modules,

Jn(K ) =
∑
k∈N

(−1)k
(
n − k
k

)
J(K//n−2k);

I Plug this resolution into Khovanov homology via cablings and
cobordisms:

V⊗n !

V V V

. . .

V
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Uq(sl3) is the unital C(q
1
6 )-algebra presented by:

KiK
−1
i = K−1i Ki = 1, KiKj = KjKi ,

KiEi = q2EiKi , KiFi = q−2FiKi ,

KiEj = qEjKi , KiFj = q−1FjKi ,

EiFi − FiEi =
Ki − K−1i

q − q−1
, EiFj = FjEi ,

Ei
2Ej − [2]EiEjEi + EjEi

2 = 0, F 2
i Fj − [2]FiFjFi + FjFi

2 = 0,

i , j ∈ {1, 2}, i 6= j .



Vm,n! . . . . . .
n m

, V+ = V1,0,V− = V0,1 = V ∗+.

Pieri’s Rule

V+ ⊗ Vm,n ' Vm+1,n ⊕ Vm−1,n+1 ⊕ Vm,n−1,
V− ⊗ Vm,n ' Vm,n+1 ⊕ Vm+1,n−1 ⊕ Vm−1,n.
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〈K ;Vm,n〉 =
∑

(i ,j ,k,l)∈N4

δ∈{0,1}

(−1)δ+i+k

(
m − δ − i − 2j

i j �

)
·
(
n − δ − k − 2l

k l �

)
〈
K ;V⊗m−2i+k−3j−δ

+ ⊗ V⊗n+i−2k−3l−δ
−

〉
,

where

(
a + b + c
a b c

)
=

(
a + b + c
a b �

)
def
=

(a + b + c)!

a!b!c!
.



m = 3, n = 2

V+ ⊗ V+ ⊗ V+ ⊗ V− ⊗ V−+ + + − −

V− ⊗ V+ ⊗ V− ⊗ V−+ + + − −
V+ ⊗ V− ⊗ V− ⊗ V−+ + + − −

V+ ⊗ V+ ⊗ V−+ + + − −
V+ ⊗ V+ ⊗ V+ ⊗ V++ + + − −

+ + − − + − + + + − − −

V− ⊗ V−+ + + − −
V− ⊗ V−+ + + − −

V− ⊗ V+ ⊗ V++ + + − −
V+ ⊗ V− ⊗ V++ + + − −

V++ + + − −

+

−
++

−−
−+

++ +
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V+ ' V− ∧ V− → V− ⊗ V−

V− ' V+ ∧ V+ → V+ ⊗ V+

C(q
1
6 )→ V+ ⊗ V ∗+ ' V+ ⊗ V−

C(q
1
6 )→ V− ⊗ V ∗− ' V− ⊗ V+
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• •
••
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Theorem (R.), ’15

For every pair of integers (m, n), the previous construction yields a
resolution Cm,n of Vm,n in terms of tensor powers of V+ and V−.
The isomorphism type of Cm,n does not depend on the sign
correction.



m = 3, n = 2
H(K//;V+,V+,V+,V−,V−)+ + + − −

H(K//;V−,V+,V−,V−)+ + + − −
H(K//;V+,V−,V−,V−)+ + + − −

H(K//;V+,V+,V−)+ + + − −
H(K//;V+,V+,V+,V+)+ + + − −

H(K//;V−,V−)+ + + − −
H(K//;V−,V−)+ + + − −

H(K//;V−,V+,V+)+ + + − −
H(K//;V+,V−,V+)+ + + − −

H(K//;V+)+ + + − −



Theorem (Clark, ’06)

The sl3-homology is functorial.

NOT for foams.
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m = 3, n = 2 H(K//;V+,V+,V+,V−,V−)+ + + − −

H(K//;V−,V+,V−,V−)+ + + − −
H(K//;V+,V−,V−,V−)+ + + − −

H(K//;V+,V+,V−)+ + + − −
H(K//;V+,V+,V+,V+)+ + + − −

H(K//;V−,V−)+ + + − −
H(K//;V−,V−)+ + + − −

H(K//;V−,V+,V+)+ + + − −
H(K//;V+,V−,V+)+ + + − −

H(K//;V+)+ + + − −

Proposition

This tri-graded complex is a framed knot invariant and categorifies
the colored sl3-polynomial.



Thank you!


