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Plan

@ Symmetric and non-symmetric Cauchy identities.

@ A non-symmetric Cauchy identity for the near staircases.
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-
Symmetric Cauchy kernels

@ Rectangle shape H (1—xy)~"

(i.j)e
symmetric in the variables x; and y; separately.
It is well known in symmetric functions that symmetric Cauchy kernels can be expanded
using pairs of dual bases. The Hall inner product makes the Schur functions orthonormal,

or equivalently, makes the monomial symmetric functions m) dual to the complete
homogeneous symmetric functions h,: < my, hy >=< sy,s, >= 0y 4.

It is also well understood combinatorially via RSK like bijections.

Cauchy identity
H (1—xy) " = Z s (x)sx(y)-
(i j)€ln]x[m] L(A)<min{n,m}

X = (le s 7Xn)7y = (yla s 7ym)'
D. E. Knuth. Permutations, matrices and generalized Young tableaux. Pacific J. Math, 1970.
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.
Non-symmetric Cauchy kernels (Lascoux, 2003)

Staircase H (1—xy;)~*

ije [ ]

Ferrers shape
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.
Demazure operators

Demazure operators (isobaric divided differences) in type A.
iy Tt Lxa, .y X0 = Z[x1, - . -, Xn)
xif — xipasi(f)

miifem(f) = ———=, 1<i<n, 7:=m—1
Xi — Xi+1
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.
Demazure operators

Demazure operators (isobaric divided differences) in type A.

iy Tt Lxa, .y X0 = Z[x1, - . -, Xn)
i — xip15i(F i N
W;:f»—)w;(f)::LH'(), 1<i<n, 7 :=m—1
Xj — Xjt1

Let 0 € &,. Define 7, = w7, ..., and T, = T, T, ... T, where s; ...s; is a
reduced decomposition of o.

Given the partition A and a € N” a rearrangement of )\, let 0 € &, be the
shortest permutation (with respect to the strong Bruhat order) such that oA = a.
Then

Demazure character/ key polynomial

Ka(X) = T (x?).
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.
Demazure operators

Demazure operators (isobaric divided differences) in type A.

iy Tt Lxa, .y X0 = Z[x1, - . -, Xn)
i — xip15i(F i N
W;:f»—)w;(f)::LH'(), 1<i<n, 7 :=m—1
Xj — Xjt1

Let 0 € &,. Define 7, = w7, ..., and T, = T, T, ... T, where s; ...s; is a
reduced decomposition of o.

Given the partition A and a € N” a rearrangement of )\, let 0 € &, be the
shortest permutation (with respect to the strong Bruhat order) such that oA = a.
Then

Demazure character/ key polynomial

Ka(X) = T (x?).

The Demazure atom
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.
Demazure operators reproduce cells

@ Divided differences or Demazure operators 7 and 77}’ increase the number

of poles in the rational function (1 — x;y;)~%:

AL = xiy) T = (1= i) THL = i) T
y(l—x,yj —(l—x,yj -1 l—x;)/j+1)_1

BB

Wpr = (Wr(l - XrYe+1)_1)Fn = (1 - Xr}/e+1)_1(1 - Xr+1}/e+1)_1F77
= Fp(1 = Xr1Yer1) ' = Fa.
T Fp = Fo(1 - Xr+1)’e+1)_1 = Fx.
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Non-symmetric Cauchy kernel expansions

Non-symmetric Cauchy identity for staircases A. Lascoux (2003); Amy M. Fu,
Alain Lascoux (2009)

H (1—xy) ™" = Z o (X)Kewn(y)

veNn

i

ij ctHHH

Lascoux’s Cauchy kernel expansion over a Ferrers shape.

FA(X,Y) = (1-xy) ' = Z (Moo nw)Ew (X)) (To(r,5E) Kuwr (V)-
(’J)EA veNkK
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Non-symmetric Cauchy kernel expansions

Non-symmetric Cauchy identity for staircases A. Lascoux (2003); Amy M. Fu,
Alain Lascoux (2009)

H (1—xy) ™" = Z o (X)Kewn(y)

veNn

i

ij ctHHH

Lascoux’s Cauchy kernel expansion over a Ferrers shape.

[
4 3 L 0'()\, NW) — 535456 O'(/\, SE) — S557S6
- 71 To(ANW) = T3TaTe To(\,SE) = T5T7T6
4 6l7]

FA(X,Y) = (1-xy) ' = Z (Moo nw)Ew (X)) (To(r,5E) Kuwr (V)-
(’J)EA veNkK
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-
Non-symmetric Cauchy kernel expansions

Similarly to symmetric functions Lascoux has defined an inner product with
respect to which key polynomials «,, and &, are dual < k., K, >= duy -
Bogdan lon has shown that key polynomials can be obtained as a limit case of
nonsymmetric Macdonald polynomials. This scalar product comes from the
theory of Macdonald polynomials and in particular is a degenerating Cherednik’s
scalar product.

However non-symmetric Cauchy kernel expansions are not combinatorially so well
understood. This difficulty comes from the fact that SSYTs are not enough to
characterize key polynomials.

Expansions combinatorially established

Lascoux (2003) for stair cases via double crystal graphs.
E. and Azenhas (2014) for truncated staircases in the spirit of RSK.
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-
Combinatorial structure of key polynomials
@ Combinatorial rules for monomial expansions of the linear bases

{ko 1@ € N"} and {Ry : @ € N"} in Z[xq, ..., Xa].

e Lascoux-Schiitzenberger (late 80's)

SSYT,(A) = 4 {T €SSYT,: K (T)= key(a)}
aES A

key(1,0,4,0,2) =

= W ol

5
3 33
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-
Combinatorial structure of key polynomials
@ Combinatorial rules for monomial expansions of the linear bases

{ko 1@ € N"} and {Ry : @ € N"} in Z[xq, ..., Xa].

e Lascoux-Schiitzenberger (late 80's)

SSYT,(A) = 4 {T €SSYT,: K (T)= key(a)}

acG,
5
key(1,0,4,0,2)= 3 5
1 3 3 3

o Kashiwara crystal bases (early 90's); Haglund, Haiman, Loehr (2005);

Mason (2009)
R

TeB, Ky (T)=key(a ) sh(F)=a
B ST SR S
TeEB, Ky (T)<key(c) sh(F)<a
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Semi-skyline augmented fillings (SSAF)
Haglund-Haiman-Loehr (2005), Mason (2009)
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Semi-skyline augmented fillings (SSAF)
Haglund-Haiman-Loehr (2005), Mason (2009)

; 3]2
11 [1] [3]4]5] [7] 1] [3]4]5] [7]
- 1234567 1234567
P—= 52
732 R ={75431} Ry ={3,2,1}
2]
32
1| [3]4]5] [7]F
1234567
Ry = {2}
sh(P) = (3,2,2,1,1,0,0) sh(F) =(2,0,3,2,1,0,1)
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SSAFs encode SSYTs with their right keys. Mason's RSK
analogue detects the keys in the RSK

w

reverse RSK RSK

(F,G)
p "

(P,Q) (P.Q)
sh(F)T = sh(G)T = sh(P) = sh(Q) = sh(P) = sh(Q)
key(sh(F)) = K+(P), key(sh(G)) = K+(Q)

c(F) = ¢(P) = ¢(P), ¢(G) = ¢(Q) = ¢(Q)
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Mason's RSK analogue restricted to the truncated staircases

.

—m
1<m,k<n
{multisets of green cells in ntlsmitk } — L—Ij { (F,G):sh(F)=v, (sh(G),0"~™)< (0" wv) }
veENkK

(B8) = (F.6)

ap -+ ar

n

k

II a=—x)™ = > > xFy©

(i ))EX VENK F,G €SSAF,
k<m sh(G)=BEN™, sh(F)=v
(8,0""™M<(0"* wr)
= > Ru(x)rnsa)(y) E.A.(2014)
vENK
= Z Fu (X)To(x,sE) eow (¥ )- Lascoux(2003)
vENK
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A combinatorial Cauchy kernel expansion over a near
staircase

H (1—xy) " Z Try oo TR (X) ey, - - - Teghuwon(Y)

H veNn
:_EEL
.. Hh
(i.j) CEEEETED
(Lascoux,2003)
rp 777777777 ;/7 T “
B /// :
r e :
. !
|
7 Pp+1 |
n l
|
|
|
|

€k
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Aim

jmn |
18 )
N )

o
Characterize the biwords fitting HH via a combinatorial interpretation of
the reproduction of cells above the staircase. This will be accomplished
through the formulation of Mason's RSK analogue in terms of growth
diagrams, and an interpretation of Demazure operators in terms of crystal
or coplactic operators.
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-
Biwords and 0-1 fillings

Representation of biword w in the n x n square.

/112344577
"=\l272413311
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-
Biwords and 0-1 fillings

Representation of biword w in the n x n square.
1123 44577
2 72 413311

X
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Fomin's growth diagram for RSK analogue

:I—H—H—‘S
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.
Representation of a biword in a Ferrers shape

/112 2 33 45 6 7
W=\3 4 2 6 3 4 4 3 11 )"

We represent the biword w in the Ferrers shape A = (7,6,5,5,3,2,1) by

putting a cross x in the cell (i,j) of A if ( J| ) is a biletter of w.

x [ x|

A= (7,6,5,5,3,2,1)
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The action of a crystal operator on a biword

The biword w is obtained from the biword w by applying the crystal
operator e, as long as it is possible to the second row of the biword w.

> X

X
X[x] X [x]

11223345 67\_A

Aram Emami Dashtaki

11223345567,
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Growth diagram for analogue of RSK under the action of crystal operators

Wy Wy
Q) X @ X
1 ~ 1
X
2 2
X X
3 > 21 <
4 < T3 22 >
41 > — 32 <
42>< 42><
2 gggsda~s %2 gggmEdans
- - 1)
3] 3 3
4] 3] 3]
4 3 1[5
3| 4 34 415
3[4 — [3]4
37 93 3 4 123‘15
F F G=G
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The SSAF detects the effect of the action of a crystal
operator on a key

Theorem (E.)

Let A\ be a Ferrers shape and w a biword consisting of a multiset of cells of
A containing the cell (r + 1, \,41) with multiplicity at least one. Let

®(w) = (F, G) where sh(F) = v and sh(G) = 3. The following holds

(a) ®(T,w)=(T,F,G).

(b) If Ay = Ars1 > Ary2 >0, for some r > 1, then v, < v,41 and

sh(T,F) = s,v. Moreover, T,w fits the Ferrers shape A with the cell
(r+1,Ar+1) deleted.
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-
Mason's RSK analogue restricted to near staircases

Theorem:(A., E.) Let w be a biword in lexicographic order on the alphabet [n],
and let ®(w) = (F, G) € SSAF2, with sh(F) = v and sh(G) = 3. Let
0<p<k<nl<n<---<rp<nl<e<--<e <nand

i
ri + ep+1 > n+ 1. For each biletter | . ) in w one has j 4 j < n+ 1 except for

the biletters (n—r1+1>v (n_rp+1>,and ( epr1 11 )
n—+1 rp+1 n—epy1+1

( &+ 1 )ifandonlyif

n—eg+
(3) Se *** SepinSepis 3 SWSr, -+ S, Sy V.
(b) Se, -+ SepyrSepuy BLWSy, -+ -5y, -+ Spspv, for i =1,2, ..., p.
(€) Sep =S+ " SepinSepis SLWSr, -+ - Spyspv, for i=p+1, ..., k.
/- DA
’ |
7
y |
rl ’ |
ta I
1 Gt I
n , |
, . |
/ N
Z

T
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Combinatorial expansion of the Cauchy kernel over near
staircases

Theorem (A, E)Let 0<p<k<n Letk—p<n<n<---<r,<nand
p<epy1 <---<e <n Then

H (1—xyj)~ Z T TR (X) Ty - o T (Y)
Ee ven”
EEE
(i.j) e
= 2 > 2 s
0<z<p (H:,M:) (F,G)eAlzM:
0<t<k—p =t

where (H,, M;) € (1) x (IPT1H),

se].t~~»sejlsh(G)$ws,,.Z»--§, ~~»5,I.lsh(F), m=1,2,...,z
H,,M, —~
A Y = (F,G)ESSAF]: sej +5e; +5e; Sh(G) Lwsy sy sh(F), 1=1,2,....t

it 7
Sej, "+ Sejy sh(G)Sws,l.Z oS sh(F)
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