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Plan

Symmetric and non-symmetric Cauchy identities.

A non-symmetric Cauchy identity for the near staircases.
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Symmetric Cauchy kernels

Rectangle shape
∏

(i,j)∈

(1− xiyj)
−1

symmetric in the variables xi and yj separately.
It is well known in symmetric functions that symmetric Cauchy kernels can be expanded
using pairs of dual bases. The Hall inner product makes the Schur functions orthonormal,
or equivalently, makes the monomial symmetric functions mλ dual to the complete
homogeneous symmetric functions hµ: < mλ, hµ >=< sλ, sµ >= δλ,µ.

It is also well understood combinatorially via RSK like bijections.

Cauchy identity ∏
(i,j)∈[n]×[m]

(1− xiyj)
−1 =

∑
`(λ)≤min{n,m}

sλ(x)sλ(y).

x = (x1, . . . , xn), y = (y1, . . . , ym).
D. E. Knuth. Permutations, matrices and generalized Young tableaux. Pacific J. Math, 1970.
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Non-symmetric Cauchy kernels (Lascoux, 2003)

Staircase
∏

i,j∈

(1− xiyj)
−1

Ferrers shape
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Demazure operators

Demazure operators (isobaric divided differences) in type A.
πi , π̂i : Z[x1, . . . , xn]→ Z[x1, . . . , xn]

πi : f 7→ πi (f ) :=
xi f − xi+1si (f )

xi − xi+1
, 1 ≤ i < n, π̂i := πi − 1.

Let σ ∈ Sn. Define πσ = πi1πi2 . . . πik , and π̂σ = π̂i1 π̂i2 . . . π̂ik , where si1 . . . sik is a
reduced decomposition of σ.

Given the partition λ and α ∈ Nn a rearrangement of λ, let σ ∈ Sn be the
shortest permutation (with respect to the strong Bruhat order) such that σλ = α.
Then
Demazure character/ key polynomial

κα(x) = πσ(xλ).

The Demazure atom

κ̂α(x) = π̂σ(xλ).
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Demazure operators reproduce cells

Divided differences or Demazure operators πx
i and πy

j increase the number

of poles in the rational function (1− xiyj)
−1:

πx
i (1− xiyj)

−1 = (1− xiyj)
−1(1− xi+1yj)

−1

πy
j (1− xiyj)

−1 = (1− xiyj)
−1(1− xiyj+1)−1

r+1

e+1

r+1

e+1

,

πx
r Fρ = (πr (1− xrye+1)−1)Fη = (1− xrye+1)−1(1− xr+1ye+1)−1Fη

= Fρ(1− xr+1ye+1)−1 = Fλ.

πy
e Fρ = Fρ(1− xr+1ye+1)−1 = Fλ.
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Non-symmetric Cauchy kernel expansions

Non-symmetric Cauchy identity for staircases A. Lascoux (2003); Amy M. Fu,
Alain Lascoux (2009)∏
i,j∈

(1− xiyj)
−1 =

∑
ν∈Nn

κ̂ν(x)κων(y)

Lascoux’s Cauchy kernel expansion over a Ferrers shape.

6

4
3

5
6 7

σ(λ,NW ) = s3s4s6 σ(λ, SE ) = s5s7s6

πσ(λ,NW ) = π3π4π6 πσ(λ,SE) = π5π7π6

Fλ(X ,Y ) :=
∏

(i,j)∈λ

(1− xiyj)
−1 =

∑
ν∈Nk

(πσ(λ,NW )κ̂ν(x))(πσ(λ,SE)κων(y)).
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Non-symmetric Cauchy kernel expansions

Similarly to symmetric functions Lascoux has defined an inner product with
respect to which key polynomials κν and κ̂µ are dual < κν , κ̂µ >= δων,µ.
Bogdan Ion has shown that key polynomials can be obtained as a limit case of
nonsymmetric Macdonald polynomials. This scalar product comes from the
theory of Macdonald polynomials and in particular is a degenerating Cherednik’s
scalar product.

However non-symmetric Cauchy kernel expansions are not combinatorially so well
understood. This difficulty comes from the fact that SSYTs are not enough to
characterize key polynomials.

Expansions combinatorially established
Lascoux (2003) for stair cases via double crystal graphs.
E. and Azenhas (2014) for truncated staircases in the spirit of RSK.
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Combinatorial structure of key polynomials

Combinatorial rules for monomial expansions of the linear bases
{κα : α ∈ Nn} and {κ̂α : α ∈ Nn} in Z[x1, . . . , xn].

Lascoux-Schützenberger (late 80’s)

SSYTn(λ) =
⊎

α∈Snλ

{T ∈ SSYT n : K+(T ) = key(α)}

key(1, 0, 4, 0, 2) =
5
3 5
1 3 3 3

Kashiwara crystal bases (early 90’s); Haglund, Haiman, Loehr (2005);
Mason (2009)

κ̂α(x) =
∑

T∈B̂α

xT =
∑

K+(T )=key(α)

xT =
∑

sh(F )=α

xF ,

κα(x) =
∑

T∈Bα

xT =
∑

K+(T )≤key(α)

xT =
∑

sh(F )≤α

xF .
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Semi-skyline augmented fillings (SSAF)
Haglund-Haiman-Loehr (2005), Mason (2009)

7 3 2
5 2
4 1
3
1

P̃ =

R1 = {7, 5, 4, 3, 1}
1 2 3 4 5 6 7
1 3 4 5 7

R2 = {3, 2, 1}
1

1

2 3

3

4 5 6 7

2
1 3 4 5 7

R3 = {2}
1

1

2 3

3

4 5 6 7

2
2

1 3 4 5 7 =F

sh(P̃) = (3, 2, 2, 1, 1, 0, 0) sh(F ) = (2, 0, 3, 2, 1, 0, 1)
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SSAFs encode SSYTs with their right keys. Mason’s RSK
analogue detects the keys in the RSK

w

(P̃, Q̃) (F ,G ) (P,Q)

RSK
Φ

reverse RSK

ρ Ψ

sh(F )+ = sh(G )+ = sh(P) = sh(Q) = sh(P̃) = sh(Q̃)

key(sh(F )) = K+(P), key(sh(G )) = K+(Q)

c(F ) = c(P) = c(P̃), c(G ) = c(Q) = c(Q̃)
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Mason’s RSK analogue restricted to the truncated staircases

{multisets of green cells in

k
n

m
1 ≤ m , k ≤ n

n + 1 ≤ m + k } →
⊎
ν∈Nk

{ (F ,G):sh(F )=ν, (sh(G),0n−m)≤(0n−k ,ων) }(
b1 ··· br
a1 ··· ar

)
→ (F ,G )

∏
(i,j)∈λ
k≤m

(1− xiyj)
−1 =

∑
ν∈Nk

∑
F ,G ∈SSAFn

sh(G)=β∈Nm, sh(F )=ν

(β,0n−m)≤(0n−k ,ων)

xF yG

=
∑
ν∈Nk

κ̂ν(x)κ(0m−k ,α)(y) E .A.(2014)

=
∑
ν∈Nk

κ̂ν(x)πσ(λ,SE)κων(y). Lascoux(2003)
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A combinatorial Cauchy kernel expansion over a near
staircase

∏
(i ,j)∈

(1− xiyj)
−1 =

∑
ν∈Nn

πr1 . . . πrp κ̂ν(x)πep+1 . . . πekκων(y)

(Lascoux , 2003)

n
ep+1

. . .. . .
. . .

ek

r1

. . .

rp
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Aim

Characterize the biwords fitting via a combinatorial interpretation of
the reproduction of cells above the staircase. This will be accomplished
through the formulation of Mason’s RSK analogue in terms of growth
diagrams, and an interpretation of Demazure operators in terms of crystal
or coplactic operators.
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Biwords and 0-1 fillings

Representation of biword w in the n × n square.

w =

(
1 1 2 3 4 4 5 7 7
2 7 2 4 1 3 3 1 1

)

1

1

1

1

1

1 1

2

×

×

×

×

×

×
×

×
×
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Fomin’s growth diagram for RSK analogue

×

×

×

×

×

×
×

×
×

1
1
1

11
111
211
311
411

4111
4211
4311

12221223232
1

33
1

33
11

43
11

∅

∅

F=
1 2 3 4 5 6 7

74

2
2

3
3

1
1
1

=G
1 2 3 4 5 6 7

7
4
5

7
3

2

1

1
4

7 3 2 2
4 1 1
3
1

P̃ =

7 7 4 1
5 4 2
3
1

Q̃ =
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Representation of a biword in a Ferrers shape

w =

(
1 1 2 2 3 3 4 5 5 6 7
3 4 2 6 3 4 4 3 4 1 1

)
.

We represent the biword w in the Ferrers shape λ = (7, 6, 5, 5, 3, 2, 1) by

putting a cross × in the cell (i , j) of λ if

(
j
i

)
is a biletter of w .

×
×

×

×

×
× ×

×
×

× ×

λ = (7, 6, 5, 5, 3, 2, 1)
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The action of a crystal operator on a biword

×
×
× ×

×
×

× ×
×

××
×
××

−→←−
Υr := e2r

f 2r

1

3

1

4

3

3

3

4

4

4

5

3

5

4
( ) 1

3

1

4

3

3

3

3

4

4

5

3

5

3
( )

The biword w̃ is obtained from the biword w by applying the crystal
operator er as long as it is possible to the second row of the biword w .

×
×

×

×

×
××
×
×

××
Υ3→

×
×

×

×

××
×
××

××

(
1

3

1

4

2

2

2

6

3

3

3

4

4

4

5

3

5

4

6

1

7

1
)→ (

1

3

1

4

2

2

2

6

3

3

3

3

4

4

5

3

5

3

6

1

7

1
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Growth diagram for analogue of RSK under the action of crystal operators

×

×

×

×
×

×

×
wr

52

42
41
4
3
2
1
∅

42 41 41 31 21 2 1 ∅

→
Υ3

×

×

×
×

×

×
×

w̃r

52

42
32
22
21
2
1
∅

42 41 41 31 21 2 1 ∅

3 4
3
3

4
4
3

4
4

Θ2
3

F
3 4
3
3
3
3
3

4
4

F̃

1 2 3 4 5
4
1

5
5
3
3
1

G = G̃
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The SSAF detects the effect of the action of a crystal
operator on a key

Theorem (E.)

Let λ be a Ferrers shape and w a biword consisting of a multiset of cells of
λ containing the cell (r + 1, λr+1) with multiplicity at least one. Let
Φ(w) = (F ,G ) where sh(F ) = ν and sh(G ) = β. The following holds
(a) Φ(Υrw) = (ΥrF ,G ).
(b) If λr = λr+1 > λr+2 ≥ 0, for some r ≥ 1, then νr < νr+1 and
sh(ΥrF ) = srν. Moreover, Υrw fits the Ferrers shape λ with the cell
(r + 1, λr+1) deleted.
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Mason’s RSK analogue restricted to near staircases

Theorem:(A., E.) Let w be a biword in lexicographic order on the alphabet [n],
and let Φ(w) = (F ,G ) ∈ SSAF 2

n , with sh(F ) = ν and sh(G ) = β. Let
0 ≤ p ≤ k < n, 1 ≤ r1 < · · · < rp < n, 1 ≤ ep+1 < · · · < ek < n and

r1 + ep+1 > n + 1. For each biletter

(
i

j

)
in w one has i + j ≤ n + 1 except for

the biletters

(
n − r1 + 1

r1 + 1

)
, . . .,

(
n − rp + 1

rp + 1

)
, and

(
ep+1 + 1

n − ep+1 + 1

)
, . . .,(

ek + 1

n − ek + 1

)
if and only if

(a) sek · · · sep+2sep+1β ≤ωsrp · · · sr2sr1ν.
(b) sek · · · sep+2sep+1β�ωsrp · · · ŝri · · · sr2sr1ν, for i = 1, 2, . . . , p.
(c) sek · · · ŝei · · · sep+2sep+1β�ωsrp · · · sr2sr1ν, for i = p + 1, . . . , k.

n
ep+1

. . .. . .. . .ek

r1
. . .

rp
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Combinatorial expansion of the Cauchy kernel over near
staircases

Theorem (A., E.) Let 0 ≤ p ≤ k < n. Let k − p < r1 < r2 < · · · < rp < n and
p < ep+1 < · · · < ek < n. Then

∏
(i,j)∈

(1− xiyj)
−1 =

∑
ν∈Nn

πr1 . . . πrp κ̂ν(x)πep+1 . . . πekκων(y)

=
∑

0≤z≤p
0≤t≤k−p

∑
(Hz ,Mt)

∑
(F ,G)∈AHz ,Mt

z,t

xF yG ,

where (Hz ,Mt) ∈
(
[p]
z

)
×
(
[p+1,k]

t

)
,

AHz ,Mt
z,t =

 (F ,G)∈SSAF 2
n :

sejt
···sej1 sh(G)�ωsriz ···ŝrim ···sri1 sh(F ), m=1,2,...,z

sejt
···ŝejl ···sej1 sh(G)�ωsriz ···sri1 sh(F ), l=1,2,...,t

sejt
···sej1 sh(G)≤ωsriz ···sri1 sh(F )

 .
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THANK YOU
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