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Fatou Set

Let X be a complex manifold and F: X — X be holomorphic.
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Fatou Set

Let X be a complex manifold and F: X — X be holomorphic.
Fatou set of F: F(F) = largest open set where {F"} ,cn is normal
Juliasetof F: J(F) =X\ F(F)

Fatou Component: connected component of F(F)
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Fatou Set

Let X be a complex manifold and F: X — X be holomorphic.
Fatou set of F: F(F) = largest open set where {F"} ¢y is normal
Julia set of F: J(F) = X\ F(F)
Fatou Component: connected component of F(F)
Example
X =P'(C), and F(z) = 22.

e F(F)=PY(C)\S'

@ Fatou components: D(0, 1) and P'(C) \ D(0, 1)
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Fatou Components

Let X = P'(C) and F: P'(C) — P'(C) be a rational function.

Theorem (Fatou, Julia, Siegel, Herman...)
A periodic Fatou component for F: P'(C) — P'(C) is:
@ either the basin of a (super)attracting point,
@ or a parabolic basin,
@ or a rotation domain (a Siegel disk or a Herman ring)
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Fatou Components

Let X = P'(C) and F: P'(C) — P'(C) be a rational function.

Theorem (Fatou, Julia, Siegel, Herman...)
A periodic Fatou component for F: P'(C) — P'(C) is:
@ either the basin of a (super)attracting point,
@ or a parabolic basin,
@ or a rotation domain (a Siegel disk or a Herman ring)

Theorem (Sullivan, 1985)

Every Fatou component of F: P'(C) — P'(C) a rational map of degree
d > 2 is (pre)periodic.

v
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Fatou Components

Theorem (Sullivan, 1985)

Every Fatou component of F: P'(C) — P'(C) a rational map of degree
d > 2 is (pre)periodic.

What happens when we drop one of the hypotheses? J
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X non-compact

Theorem (Baker 1976)

There exists an entire function F: C — C with a wandering Fatou
component.
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X non-compact
Theorem (Baker 1976)

There exists an entire function F: C — C with a wandering Fatou
component.

Example (Herman 1984 - Sullivan 1985)

The functions z — z — e + 27i and z — z + 27 — sin(z) have
wandering domains.

Z+— z+ 27w — sin(z)
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X non-compact

Theorem (Baker 1976)

There exists an entire function F: C — C with a wandering Fatou
component.

Example (Herman 1984 - Sullivan 1985)

The functions z — z — e* + 27i and z — z + 2 — sin(z) have
wandering domains.

Other examples (dim 1): Eremenko, Lyubich, and, recently, Bishop.
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X non-compact

Theorem (Baker 1976)

There exists an entire function F: C — C with a wandering Fatou
component.

Example (Herman 1984 - Sullivan 1985)

The functions z — z — € + 27ii and z — z + 27 — sin(z) have
wandering domains.

Other examples (dim 1): Eremenko, Lyubich, and, recently, Bishop.

Theorem (Fornzess-Sibony 1998)

There exists a biholomorphism F: C? — C? having a wandering
domain.
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X non-compact

Theorem (Baker 1976)

There exists an entire function F: C — C with a wandering Fatou
component.

Example (Herman 1984 - Sullivan 1985)

The functions z — z — e + 2ri and z — z + 27 — sin(z) have
wandering domains.

Other examples (dim 1): Eremenko, Lyubich, and, recently, Bishop.
Theorem (Fornzess-Sibony 1998)

There exists a biholomorphism F : C?> — C? having a wandering
domain.

In all these examples the wandering domain is not bounded.
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Wandering Domains

Fatou component?

Does it exist an endomorphism of PX(C) (k > 2) with a wandering
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Wandering Domains

Does it exist an endomorphism of PX(C) (k > 2) with a wandering
Fatou component?

Lyubich and Peters have found an approach to answer to this question.
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Wandering Domains

Does it exist an endomorphism of PX(C) (k > 2) with a wandering
Fatou component?

Lyubich and Peters have found an approach to answer to this question.

Idea: to use skew-products, (z, w) — (f(z, w), g(w)). J
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Wandering Domains

Does it exist an endomorphism of PX(C) (k > 2) with a wandering
Fatou component?

Idea: (Lyubich-Peters) to use skew-products, (z, w) — (f(z, w), g(w)). J

@ Lilov (2004): skew-products cannot have wandering Fatou
components near a super-attracting invariant fiber.

@ Peters and Vivas (2014): Lilov’s argument is not true for attracting
invariant fibers.
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Wandering Domains

Does it exist an endomorphism of PX(C) (k > 2) with a wandering
Fatou component? Yes

Theorem (Astorg-Buff-Dujardin-Peters-R, 2014)

There exists F: P?2(C) — P2(C) a holomorphic endomorphism,
induced by a polynomial skew-product F: C?> — C?, with a wandering
Fatou component.
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Wandering Domains

Theorem (Astorg-Buff-Dujardin-Peters-R, 2014)
The endomorphism F : P?(C) — P?(C) defined by

2
F(w,z) = (w- W2+w3,z+22+a23+%w)

has a wandering Fatou component for a ~ 1 (for example a = 0,95),
which accumulates {w = 0}.
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Wandering Domains
Theorem (Astorg-Buff-Dujardin-Peters-R, 2014)
The endomorphism F : P?(C) — P?(C) defined by
7T2
F(w,z) = (w— w2 +wd z+ 22 +azd+ Tw)

has a wandering Fatou component for a ~ 1 (for example a = 0,95),
which accumulates {w = 0}.

Remark

@ F is a skew-product with an invariant parabolic fiber containing a
parabolic fixed point
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Wandering Domains

Theorem (Astorg-Buff-Dujardin-Peters-R, 2014)
The endomorphism F : P?(C) — P?(C) defined by
2
F(w,z) = (w- w2 +wd z+ 22 +azd+ %W)

has a wandering Fatou component for a ~ 1 (for example a = 0,95),
which accumulates {w = 0}.

Remark

@ F is a skew-product with an invariant parabolic fiber containing a
parabolic fixed point

@ the orbits in the wandering domain are bounded

Jasmin Raissy (IMT) Wandering Fatou Components June 11, 2015 6/13




Wandering Domains

Theorem (Astorg-Buff-Dujardin-Peters-R, 2014)
The endomorphism F : P?(C) — P?(C) defined by
2
F(w,z) = (W— w2 +wd z4+ 22+ az + Zw)

has a wandering Fatou component for a ~ 1 (for example a = 0,95),
which accumulates {w = 0}.

Remark

@ F is a skew-product with an invariant parabolic fiber containing a
parabolic fixed point

@ the orbits in the wandering domain are bounded
@ |ocal approach
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Key proposition

g(w) = w — w2 + O(w?) with parabolic basin By,

°
@ f(z) = z+ 22 + O(z®) with parabolic basin 3,

2
@ F(w,z)= (g(w),f(z) + ZW).
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Key proposition

g(w) = w — w? + O(w?) with parabolic basin By,
f(z) = z + 22 + O(z%) with parabolic basin 3,

2
o F(w,z) = (g(w),f(z)+2w>.
Proposition
The sequence of maps
C? 3 (w,2) » FM1(g°(w), 2) e C?
converges locally uniformly on By x By to a map

Bg X Bf 3 (W, Z) — (0,[4(2)) S {0} x C.
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Key proposition
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Strategy

e g(w) = w — w? + O(w?) with parabolic basin By,
@ f(2) = z + 2% 4+ O(z®) with parabolic basin B,

2
® F(w,z)= (g(w),f(z) + TW).

@ If £¢: Bf — C has an attracting fixed point £, then F has a
wandering domain.
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Strategy

e g(w) = w — w? + O(w?3) with parabolic basin By,
@ f(z) = z + 22 + 0(z%) with parabolic basin 3,

2
° F(w,z)= (g(w),f(z)+ %w).

@ If £;: Bf — C has an attracting fixed point &, then F has a
wandering domain.

© We can choose f so that £¢: B — C has an attracting fixed point.
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Sketch of the proof

(0,0)

§= L)

F
F2n+1 ~ (g2n+1 ’ ﬁf)
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Sketch of the proof

@ Let ¢ be an attracting fixed point of L¢.
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Sketch of the proof

@ Let ¢ be an attracting fixed point of L;.
@ Let V € Bysothat L¢(V) € V.
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Sketch of the proof

@ Let ¢ be an attracting fixed point of L¢.
@ Let V e Bysothat L¢(V) € V.
@ Let W e By.
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Sketch of the proof

@ Let ¢ be an attracting fixed point of L;.
@ Let V e Bysothat L¢(V) € V.
o Let W e By.

o If n> g, Fo2n+ <g°”2(W) x v) c g (W) x V.
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Sketch of the proof

Let £ be an attracting fixed point of L;.
Let V € B so that L¢(V) € V.
Let W e By.

If n > ng, Fo2nt! (gO”Z(W) x v) c g (W) x V.

@ Let U be a connected component of F*”O(gO”g(W) x V).
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Sketch of the proof

Let £ be an attracting fixed point of L;.
Let V € By so that L¢(V) € V.
Let W e By.

If n > ng, Fo2n+1 <g°”2(W) X v) c g’ (W) x V.

Let U be a connected component of F—”O(g‘””%(W) x V).

The sequence ( FO”Z) converges to
» (0,¢) on U.
» (0,¢) on the Fatou component 2 containing U.
> FI(0,€) = (0, 1°(¢)) on Fo/(Q).
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Sketch of the proof

Let £ be an attracting fixed point of L;.
Let V € By so that L¢(V) € V.
Let W e B,.

If n > ny, Fo2n+1 <g°”2(W) X v) c g (W) x V.

Let U be a connected component of F—”O(g°”3(W) x V).

The sequence (F°”2) converges to

» (0,¢)on U.
» (0, &) on the Fatou component Q containing U.
> Fo(0,€) = (0,1(¢)) on FI(Q).

@ The point £ is not (pre)periodic for f.
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Sketch of the proof

@ Let ¢ be an attracting fixed point of L;.
@ Let V e Bysothat L¢(V) € V.
o Let W e By.

o If n> g, Fo2n+1 (g"”z(W) x v) c g (W) x V.

@ Let U be a connected component of F*”O(g"”g(W) x V).

@ The sequence (F°”2) converges to

» (0,¢)on U.
> (0, &) on the Fatou component Q2 containing U.
> F(0,€) = (0,1(¢)) on F(Q).

@ The point ¢ is not (pre)periodic for f.
@ The component Q is not (pre)periodic for F.
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Lavaurs map

f(z):=z+22+az>+0(z*)and T1(2) :=Z + 1.

Theorem (Fatou coordinates)
@ There exists ¢¢: Bf — C such that ¢so f = Tq o ¢f and

b(2) = —% — (1 - a)log (—%) +0o(1) ifRe (—12) L

@ There exists 1s: C — C such that s o Ty = f o ¢ps and

1

Tz =T (1 —a)log(~Z) +o(1) ifRe(Z) — —oc.
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Lavaurs map

f(z):=z+22+az*+0(z*) and T{(2) := Z + 1.

Theorem (Fatou coordinates)
@ There exists ¢¢: Bf — C such that ¢so f = Tq o ¢f and

1 1 . 1
or(2) = 5 (1 —a)log (_E> +o(1) ifRe (_E) — +00.
@ There exists 1s: C — C such that s o Ty = f o 1p¢ and

_ﬁ =Z+ (1 - a)log(—2Z) +o(1) ifRe(Z) = —o0.

Proposition
Our limit map Ly is the Lavaurs map L := )¢ o ¢¢.
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Parabolic Implosion

f(z) == z+ z% + az® + O(z*) and £.(z2) := f(z) + £2.
Theorem (Lavaurs)

If 51 —2n—0asn— +oo, then fg’f” — Ly locally uniformly on B;.
n
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Parabolic Implosion

f(2) := z+ 2% 4+ az® + 0(z*) and £.(z) := f(z) + €°.
Theorem (Lavaurs)

If = —2n — 0 as n — +oo, then 122" — L locally uniformly on B;.
En

In our case:

FEN1 (G (W).2) = (&7 (W), 0+ fra(2)

where
o fy (2) = f(2) + Towi
o wy = g°K(w)
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Parabolic Implosion

f(2) := z+ 2% + az® + 0(z*) and £.(z) := f(z) + 2.

Theorem (Lavaurs)

En

F _2n0asn— +o0, then f22" — Ly locally uniformly on By.

In our case:

[Fo2n+1 (gonz(W), Z) = (QOHZ(W)a fW(n+1)2_1 o an2 (Z))
where
o fu (2) = f(2) + Zwy

° wx:=g*(w)=> I ~2n+ K1 <k<2n+1
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Parabolic Implosion
f(2) := z+ 2% + az® + 0(z*) and £.(z) := f(z) + 2.

Theorem (Lavaurs)

T _2ns0asn— +o0, then f;nZ” — L¢ locally uniformly on Bs.
€n

In our case:

Fo2n+1 (gonz(W), Z) = (gonz(w)v fW(n+1)271 R an2 (Z))

where
o fu(2) = H(2) + % wi
° wi:=g*(w)=> L ~2n+ K1 <k<2n+1

Key Proposition
For all w € By, the sequence fw(n+1)z,1 o---ofy , converges locally

uniformly on By x By to the Lavaurs map L.

Jasmin Raissy (IMT) Wandering Fatou Components June 11,2015 11/13



Proposition 1

Letf(z) := z+ 2% + az® + 0O(z*), a € C. If r > 0 is sufficiently small
and a e D(1 —r,r) then L has an attracting fixed point.
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Proposition 1

Letf(z) := z+ 2% + az® + O(z*), ac C. If r > 0 is sufficiently small
anda e D(1 —r,r) then L¢ has an attracting fixed point.

Proposition 2

Let f(z) := z + 2% + bz* + +0(2°), b € R. There exists b € (—£,,0)
such that Ly has superattracting fixed point in B N R.

Jasmin Raissy (IMT) Wandering Fatou Components June 11, 2015 12/13



Jasmin Raissy (IMT)

Thanks!

Wandering Fatou Components



