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Outline of the talk

@ Two-weighted Bernstein-Zygmund-Nikol'skii type inequalities
in classical Lebesgue spaces, applications

@ Weighted inequalities for trigonometric polynomials in
Iwaniec-Sbordone and grand variable exponent Lebesgue
spaces, applications

@ Weighted inequalities in variable exponent Lebesgue spaces
and approximation problems

o The conjugate functions in LP(") spaces when p_ =
inf p(x) = 1. Invariant classes



Two-weighted estimates in Lebesgue Spaces
@ For the further use, we need to make the following definitions:
T= [—71',’7['], LP(T7 W) = {f : HfWHP < +OO}7 ”fHP,W = HfWHP?
WE = {f + [|llpw + IF o < 00}, r>0.
For f € LP(T, w) the structural characteristic is defined via the

Steklov means:  Q(f,0)pw = sup 2h f f( )dt — f(x)
0<h<s

p,w
@ We need also the notion of best approximations by
trigonometric polynomials Eq (f)pw = i_r’1_f |f — Thllp,ws

where T, are trigonometric polynomials of degree < n.

o Pair of weights (v,w) € A, g, 1 <p<g<ooif

) 1/q ) 1/p
sup (|l|/ q(x)dx) (“I/Wp (x)dx) < +o0.

We set A, == A, .



Theorem 1.1. Let 1 < p < g < o0, (v,w) € Ap 4. Then for
arbitrary trigonometric polynomial T,, we have

I Tallq.w < ent /P79 Tyl

with a constant independent of n and T,.
Theorem 1.2. Let 1 < p < g < oo, (v,w) € Ap 4 and, let
v =min(2, q). Let

Z V’Y(H‘I/P—l/Q)—lEy(f)p w < 00,
j=1
then f € W& and the following inequality holds

n /v
Q (f’7 1> < C<nl2 <Z v”“*”‘"”‘”‘lEJ_l(f)p,W)

v=1

0o 1/
+c( Z ,ﬂ(1+1/p—1/q)—1EV(f)p W) )



@ The last inequality gives more precise estimate than the one
due to M. Timan in the case v=w =1 (see e. g. R. A.

Devore, G. G. Lorentz, Constructive Approximation, Springer
1993, p. 210)

Corollary. Let

1
AP = O s )

then f € Wf,’v’l and



For a Borel set e we set ve = [ v(x)dx. Let

I(x,r)=(x—r,x+r)NT, xeT.

Theorem 1.3. Let 1 < p<g<oo, 0 <a <1 Let
1/p

sup (vI(x,r)) < 400

1(x,r)

1/q / Wl""((y)d)x
_ 1—a)p’

X—=Yy

T\’(er)| |

and w € Ap. Then for arbitrary trigonometric polynomial of degree
n and A > 0 the following inequality holds
ATv{x = [ Ta(x)] > A} < en®[| Tallo(r,w)

Theorem 1.4. Let 1 < p < g< o0, 0 < a< 1. Lettogether with
the conditions of Theorem 1.3 the condition
1/q

o / Vq dX
sup (W1 PI(x, r))l/P / 7’)( — E/)|/()1_a)q < 00
() T\ I(x,r)

is fulfilled. Then

| TallLacr,v) < n®[| Tallo(r,w)



Weighted grand Lebesgue spaces and variable grand
Lebesgue spaces

Weighted lwaniec-Sbordone spaces. Let 1 < p < 00, # > 0 and let
w be a weight function.

1

Lﬁ)’a(’]l‘) ={f: HfHLp),e = sup 5;: (/]f )P w ) < 00
w <e<p—1

1
p—¢

LP),G(T, W) = {f : ||f”p),9,w = sup gp (/ |f X)|P de) < 00

o It is known (see A. Fiorenza, B. Gupta and P. Jain. Studia
Math. 188(2008), No 2, 123-133.), that the equivalence

1
f € Ly, < fwr € LP fails in grand Lebesgue spaces.

@ We get the difference spaces when taking a weight as measure
or as a factor.



In the sequel A, denotes the class of Muckenhoupt weights defined

1 L[ o o
sep (M/W(x)dx) (M/Wl (x)dx) < +o0.

I 1

@ For the space L'.,’V)’H(T) an one-weighted version of
Bernstein-Zygmund-Nikol'skii inequality holds

Theorem 2.1 Let 1 <p<g<oo,0>0, 6, =0q/p. Let
W € Aryq/pr- Then for arbitrary trigonometric polynomial we have

1.1

H T’Sr)W;—E < Cnr+1/p—1/qH T”HLP)’G r=0,1,2,...

0
L)%

with a positive constant ¢ independent of n and T,.



Theorem 2.2, let 1 < p<g<oo,0>0and 0< a<1. Let for
the Borel measure p of /(x, r) the condition

pl(x,r) < er(5=2)

is fulfilled with a constant ¢ independent of /(x, r). Then the
inequality

I Tall a0 <an’| TnHLP)ﬁ('ﬂ‘,dx)

g
L7P (T,dp)

holds where a constant ¢; does not depend on T, and n.



@ In approximation problems more convenient is the case when
w in the norm participates as a factor. For this case the
following statement is true:

Theorem 2.3 Let 1 <p<g<o0,0>0, 6, =060q/p. Let
w € Ap 4. Then for a-order fractional derivative of trigonometric
polynomials the following estimate holds

T Wl g0, < cn® TP Tow]| g, >0
with a constant ¢ > 0 independent of n and T,,.

@ The following assertion is a refined form of Bernstein type
inequality.
Theorem 2.4 Let 1 < p < oo, 0 >0and w e A,. Then
() a 1
HTn WHp),G <cn®Q( Ty, — a>0
N/ p).o,w

with a constant ¢ > 0 independent of n and T,,.



@ The crusial role in the proof of last two theorems plays the
following boundedness theorem for Riesz potentials.

Theorem 2.4 Let 1 < p < o0, § >0, 1 = 0q/p and, let
q= 1_ppa >0. If we Ay, then

Hafwllg)o, < cllfwllp)o

with a constant independent of f.



The weighted grand Lebesgue spaces are non-reflexive,
non-separable and non-rearrangement spaces. The approximable by
trigonometric polynomials subspace of LP(T, w) is the set of
functions defined by the condition

. 0 .
slirb e’||fw||p—e = 0.

This is the closure of LP(T, w) by the norm of LPM?(T, w). This

subspace is denoted by LPO(T, w).
For the functions f € LP}(T, w) we set

x+h

’/17 / f(t)dt — f(x)

Q(f7 5)p),9,w = Ssup
0<h<é

p),0,w
It is easy to see that
gl_% Q(fv 6)p),9,w =0

for every f € Z’,,’V)’e.



@ The following two-sided estimates of moduli of smoothness is
essential in approximation theory.

Theorem 2.5 Let 1 < p <00, # >0 and let w € A,. Then

1
Q(f, — ~||f - S, -2 s .
( ’ n)p),eﬂ/v ” ”p)797W + n H I'IHP)797W

a ~ b means that there exist ¢; and ¢ such that c1b < a < b.

@ On the base of this two-sided estimates we prove the direct
and inverse theorem (in Bernstein's terminology) of
constructive theory of functions.

Theorem 2.6 Let 1 < p < 0o, w € A,. Them for f € WO

r > 0 we have the Jackson type inequality

c 1
En(F)pywp < — 0 (f(f), )
( )p)7 79 (n + 1)[‘ n p)’e,w

with a constant independent of n and f.



@ The inverse statement sounds as

Theorem27Let1<p<q<ooand w e Apg. Let 0 >0 and
01 >6-9 and let for f € LPY(T, w) the series

St aTE () ) g < 00, a>0.
v=1

),01,«

Then f € Wq and

1

ot *—*—I— +a
Q (f( )’ n) Do ( Z P ufl(f)p),e,w

+ Z Va+1/p1/q1EV(f)p)79’W>.
v=n+1

with a constant c is independent of f and n.

@ This estimate on a certain subclass of functions is
unimprovable.



Variable exponent Lebesgue spaces
Let p be a measurable function 27-periodic and continuous on the
real line with local log-continuity condition
1

p(x) — p(y)] < x—yl<;

T —Inlx—yl’
for which p_ = mTin p(x) > 1.
The class of such exponents is denoted by P'°8.

p(x)
dx < 1}.

f
LPO(T, w) = inf{A>0: /‘(X))\W(X)
T
The space LPO)(T, w) is a Banach function space.

o Class of weights. For given p and g from P'°¢ the class of
weights A () () is defined by the condition

sup Ixiwllgey - Ixw ™ ey < cll]*=.

Here p/(x) = p(PX(;(zl, ﬁ — ﬁ =s>0 xeT.




Theorem 3.1. Let p € Plog, W — q(x) =s>0forxeT. Let
p+ = max p(x) < g and w € Ay (). Then the following

Bernstein-Zygmund-Nikol'skii type inequality
I T8 gty < en® P Ty >0
holds with a constant ¢ independent of T, and n.
@ To explore the approximation problems in variable exponent

weighted Lebesgue spaces we introduce the appropriate
K-functional. Let

9,2
WEO? = (g gl oy + 18" oy < +00}

Kao(f, t, LPO(T, w), WE():2) = inf  {IF—ello)w 8" lo

gEW
Theorem 3.2. Let p € P'°¢, w € Ap()- Then

Ka(f, t, LPO(T, w), WP()2) =~ Q (f, 1) :
p(-)w

@ On the base of this theorem we establish the direct and inverse
estimates in variable exponent weighted Lebesgue spaces.

),W}'



Theorem 3.3 (Refined Jackson's type ineqaulity) Let p € P'°g,
w € Ap(y, B =max(2,pt). Then for f € LPO)(T, w) the estimate
holds

1
1 (¢ _ 8 1
I’12{ Z V25 1Eyﬁl(f)p(-),w} < c <f, n>
v=1

with a constant independent of n and f.

p(~),W

@ This estimate improves the estimate of |. Sharapudinov (the

= 1
case w =1)  Ep(f)p) < cQ (f, n>p(.)
The inverse result is contained in the following
Theorem 3.4 Let p € P8, w ¢ Ap(y, v = min(2, p—). Then for

f € LPO)(T, w) the following estimate holds

1 1/
Q(f,) <{z:l/27 1E’y p()w}
p(-),w

@ This estimate is essentially better than the estimate (even for
w = 1) (I. Sharapudinov, Chaichenko etc):
1 c &
Q(f, ;>,,(.) < X vE ()



Conjugate operators in LP() when p_ =1
In this section we study the question: under what conditions the
conjugate function f belongs to LP() and to find in terms of
Q(f,6)p(.) an invariant class with respect to conjugate operator, to
give the applications to the boundary problems for analytic and
harmonic functions.
Denote by P(ljog the class of 27-periodic exponents with local
log-continuity condition and the condition mTin p(x) =1.

For this case we have the following results.
Theorem 4.1. Let p € P(gog and let for f € LPO)(T) the integral

do

/Q(f’ 210 < +00.
t

0

Then f € LP() and the estimate
5

do

. Q(F, ). Q(F, ).

Q(f,a)p(.)gc(/(t)"”+52/(t3)”“dt), 0 <4< d
0 é

holds with a constant ¢ independent of f and §.



Theorem 4.2. Let p € PEE and let for f € LPO(T) and r € N the

1 ~
integral ngt(,i’f) dt < 400. Then (f)(") € LP() and we have
0

4 do
~ Q(f, t),. Q(f, t) .
Q((F)N,6) < c (/(W)lp“drwﬂ/(tzrjf”dt) .
0 0

o Let for k = 0,1,... define the subclass of LP(")

5o .
vk:{feu’('); /Q(’;t)on;r) dt<+oo}.
0

From Theorem 4.1 it is clear that

fEVk:>’)E€ Vi_1.

oo

Thus we have that the class V = (] V| s invariant with
k=0

respect to the conjugate operator.

feV=rfcV



Theorem 4.3. The functions from the Dini class i. e.

D:={geC: / d5<+ }

are pointwise multipliers for V i. e.
feW gebD=fgeW.

@ One of the tool of proofs is an extension of
Bernstein-Nikol'skii-Stechkin result. We prove the following

Theorem 4.4 Let p € Plog Then for arbitrary trigonometric
polynomial T, the following inequality

1
1T < e <T,,, n)

holds with a constant ¢ independent of T, and n.

p()



On weighted Bernstein type inequality in grand variable
exponent Lebesgue spaces
@ These spaces unify two nonstandard Banach function spaces:
variable exponent Lebesgue and grand Lebesgue spaces.

Let 27-periodic continuous on the real line function p € P8,
6 > 0. Then by LP()9(T) is denoted the set of 27-periodic
functions for which

6

— _—1

[fllptre = sup &P ||| o) < +o00.
O<e<p_—1

These spaces are non-reflexive, non-separable and

non-rearrangement invariant spaces when p is a constant.

@ In these spaces the following extension of
Bernstein-Ditzian-Totik inequality is true.

Theorem 5.1 For any r € N and trigonometric polynomial T, of
degree less than or equal to n, the inequality

Isin” ¢ To(t)l] oo < cnll sin” tTa(£) ] o0

holds with a constant ¢ independent of T,,.



Theorem 5.1 For any r € N and trigonometric polynomial T, of
degree less than or equal to n, the inequality

Isin” £T5() | oo < crllsin” €Ta(E)| s (1)

holds with a constant ¢ independent of T,,.

@ It should be emphasized that even for constant p, the special
weights inside of norms in (1) is more general than the
Mackenhoupt weights of the same type.
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