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Sasakian manifolds

Let (I\/I2”+1,g) be a Riemannian manifold,  a 1-form, such that

nA(dn)" is a volume form.

Then, (M?™1 5, g) is a Sasakian manifold if and only if
(M?™ xR, w=d(r’*n), G = r’g + dr®)

is a Kahler manifold.



Hard Lefschetz Theorem for Kahler manifolds

Theorem (Lefschetz 1924, Hodge 1952)

Let (M?",w,g) be a compact Kihler manifold. Then, for each
p < n the map

WP A= QP (M) > Q%P (M)

a~wPAa

is an isomorphism.

Note that the map w A — sends harmonic forms to harmonic forms.



Hard Lefschetz Theorem for Sasakian manifolds

In a compact Sasakian manifold (M2 1, g) one would like to
define

0 A (dn)P A= QR P (M) > QX" (M)
arnA(dn)P A
and to get isomorphisms.

PROBLEM: Neither dn A — nor n A dnA - send harmonic forms into
harmonic forms! So, a priori the above maps are not well defined.

However, the claim turns out to be true. So, what happens?



Important subspaces

aeQTYM)gi<qa:0
IgOdZO

nAda=0

Ja =0
a e QA (M) &5 10
nAa=0

I'ngé =0




Harmonic p-forms

By definition,
,0
Q2°(M) < 92 (M)

On the other hand, for p < n, every harmonic p-form belongs to
QEO(M) since da =0, da = 0, and [Tachibana]

I'§Oé =0.

Thus,

Property

Let M be a compact Sasakian manifold of dimension 2n+ 1. For
p<n,
0
Q27 (M) = QR (M).

Moreover, Q5°(M) = 0.




Harmonic p-forms

Property

For p>n+1,
Q20(M) = Q4 (M)

Moreover, Q2%(M) = 0.




Some information on the spectrum of A

Let M be a compact Sasakian manifold. We have the pair of
inverse isomorphisms

QL (M) == Q0P () M

Proposition

Let M be a compact Sasakian manifold and v # 0. We have the
pair of isomorphisms

QP (M) <_—‘;> QP4 (M) 2)

for any 0 < p < 2n.

A




Some information on the spectrum of A

Putting together the two isomorphisms (??) and (??7), we have

L

Q;.J,4V(M) W.A— Q/.3+1,4(u—p+n) (M) : Q;-a+2,4(u—p+n) (M)
Ig\/
A

This shows that L = (dn) A — and its adjoint A induce inverse
isomorphisms between the spaces in the diagram.



HLT for Sasakian manifolds (n=5)
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A
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HLT for Sasakian manifolds (n=5)
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HLT for Sasakian manifolds (n=5)
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HLT for Sasakian manifolds (n=5)




Hard Lefschetz Theorem for Sasakian manifolds

Theorem

Let M a compact Sasakian manifold of dimension 2n+1 and p < n.
Then the map

Q8 (M) — QP (M)

ar—nA(dn)"Pra

is an isomorphism.




Hard Lefschetz Theorem in cohomology

For a compact Sasakian manifold (M2"*1 1), g) a naive guess
would be to consider:

Hp(M) SN H2n+1—p(M)
[a]—[nA(dn)"PAa],
PROBLEM:
a closed does NOT imply that n A (dn)" P A « is closed!
SOLUTION?
First take the projection on the harmonic part
HP(M) . H2n+1—p(M)
[a]— [nA(dn)"? A Ha]

NEW PROBLEM: Ha could in general depend on the metric!



Hard Lefschetz Theorem for Sasakian manifolds

Theorem

Let (M?"*1 1. &) be a compact Sasakian manifold and p < n. Let
H:QP (M) — QA (M) be the projection on the harmonic part.
Then the map

Lefy: HP(M) — H?" 1P (M)
[a]—[nA(dn)"P A Ha],
is an isomorphism. Furthermore, it does not depend on the choice

of the Sasakian metric g on (M?™*1,n). Furthermore, it does not
depend on the choice of the Sasakian metric g on (M?™1 n).




A topological obstruction

Let (M?"*1 1) be a compact contact manifold. We can define a
relation between HP(M) and H2"*1-P(M):

BeQP(M), df=0,
=0, (dn)"P*Af=0 }

Rief, = { ([8], [n A (dn)™P A B])

Now, if (M,n) admits a compatible Sasakian metric, then RLefp is
the graph of the isomorphism Lef, : HP(M) — H2"1=P(M).

Definition

We say that (M, n) is a Lefschetz contact manifold if for every
p < n the relation R, is the graph of an isomorphism between
HP(M) and H?"1=P(M).




First applications

Theorem

Let (M2 1. g) be a compact Lefschetz contact manifold. Then
for each 0 < p < n there exists a nondegenerate bilinear form

B:HP(M)x HP(M) — R

defined by
B(x,x") = ]/;4 Lef,(x) ~ x".

Moreover, the bilinear form B is skew-symmetric for p odd and
symmetric for p even.

Corollary

Let (M2”+1, 77) be a compact Lefschetz contact manifold. Then
the odd Betti numbers byy.1 are even for 0 <2k +1 < n.




First applications

@ In 2014, jointly with J.C. Marrero we found examples of
compact non-Lefschetz K-contact manifolds in dim. 5 and 7,
with byyx,q even for 0 <2k +1< n.

@ Recently, jointly with J.C. Marrero we found an example of a
compact non-Sasakian Lefschetz contact manifold in dim. 5.
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