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Preliminaries

Let L2(ID, dA) be the space of all square integrable functions on the unit

disk D with respect to the normalized Lebesgue measure dA = rdrd—ne.

The analytic Bergman space, denoted by L2(DD), is the closed
subspace of L?(ID, dA) consisting of all analytic functions on D. It is
well known that L3(D) is a Hilbert space with the set {v/n+12z"}7_, as
an orthonormal basis. Let P be the orthogonal projection of L2(ID, dA)
onto L2(DD).
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Preliminaries

Let L2(ID, dA) be the space of all square integrable functions on the unit

disk D with respect to the normalized Lebesgue measure dA = rdrd—ne.

The analytic Bergman space, denoted by L2(DD), is the closed
subspace of L?(ID, dA) consisting of all analytic functions on D. It is
well known that L2(D) is a Hilbert space with the set {v/n+12z"}>_; as
an orthonormal basis. Let P be the orthogonal projection of L2(ID, dA)
onto L2(DD).

Definition

For a bounded function f on D, the Toeplitz operator T; with symbol f is
defined on L2(DD) by

T:(u) = P(fu), for u € L2,
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Preliminaries

It is easy to check the following properties of the Toeplitz operator:
o Turip = aTs+ 1, where [ is the identity operator.
° Tf* = Tf.
o If f € &7=(DD), then Ty is simply the multiplication operator with f.
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The general problem

Under which conditions is the product (composition) of two Toeplitz
operators Ty and Ty commutative i.e., T;Tg = Ty T; ?
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Well known results

Theorem (S. Axler & Z. Cugkovi6)

Suppose that f and g are two bounded harmonic functions onD. Then
TiTg = Ty T if and only if

(i) fand g are both analytic on D, or
(i) f andg are both analytic onD, or

(iii) there exist constants a, 3 € C such that f = ag+ p onD.
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Well known results

Theorem (S. Axler & Z. Cugkovi6)

Suppose that f and g are two bounded harmonic functions onD. Then
TiTg = Ty T if and only if

(i) fand g are both analytic on D, or
(i) f andg are both analytic onD, or

(iii) there exist constants a, 3 € C such that f = ag+ p onD.

Theorem (S. Axler, Z. Cuékovi¢ & N. V. Rao)

If f is nonconstant function in <7/~ (D) and g € L=(ID, dA) such that
TiTyg = Ty Ty, then g is analytic.
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Well known results
Theorem (S. Axler & Z. Cugkovi6)

Suppose that f and g are two bounded harmonic functions onD. Then
TiTg = Ty Ty if and only if

(i) fand g are both analytic on D, or

(i) fandg are both analytic onD, or

(iii) there exist constants a, 3 € C such that f = ag+ p onD.

Theorem (S. Axler, Z. Cuékovi¢ & N. V. Rao)

If f is nonconstant function in <7/~ (D) and g € L=(ID, dA) such that
TiTyg = Ty Ty, then g is analytic.

Theorem (Z. Cugkovié & N. V. Rao)

Letf,g € L~(D,dA) such that f is radial i.e., f(z) = f(|z]). If
TiTg = Ty Ty, then g is a radial function.

v
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Quasihomogeneous symbol

Definition

A function f is said to be quasihomogeneous of degree p if it is of the
form P, where p is an integer and ¢ is a radial function. In this case
the associated Toeplitz operator T; is also called quasihomogeneous

Toeplitz operator of degree p.
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The reasons why we study such family of symbols are
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The reasons why we study such family of symbols are
(i) Any function f in L2(ID, dA) has the following polar decomposition
(Fourier series)

f(re”) = Y, e*fi(r),
keZ

where f, are radial functions in L2([0, 1], rdr).
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The reasons why we study such family of symbols are

(i) Any function f in L2(ID, dA) has the following polar decomposition

(Fourier series)
f(re”) = Y, e*fi(r),
keZ

where f; are radial functions in L2([0,1], rr).

(if) Texes, acts on the elements of the orthogonal basis of [2(D) as a
shift operator with a holomorphic weight.
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The reasons why we study such family of symbols are
(i) Any function f in L2(ID, dA) has the following polar decomposition

(Fourier series) . .
f(re”) = Y &*1(r),
keZ
where f, are radial functions in L2([0, 1], rdr).

(if) Texes, acts on the elements of the orthogonal basis of [2(D) as a
shift operator with a holomorphic weight. In fact, for example if
k >0, then

Toros (2") = P(e*%fz")
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The reasons why we study such family of symbols are
(i) Any function f in L2(ID, dA) has the following polar decomposition

(Fourier series) . .
f(re”) = Y &*1(r),
keZ
where f, are radial functions in L2([0, 1], rdr).

(if) Texes, acts on the elements of the orthogonal basis of [2(D) as a
shift operator with a holomorphic weight. In fact, for example if
k >0, then

Tawag (2") = P(eXhz") =Y (j+1)(e"°h2",2)) 2
j>0
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The reasons why we study such family of symbols are
(i) Any function f in L2(ID, dA) has the following polar decomposition

(Fourier series) .
eIG) — Z elkefk(r)
keZ
where f, are radial functions in L2([0, 1], rdr).

(if) Texes, acts on the elements of the orthogonal basis of [2(D) as a
shift operator with a holomorphic weight. In fact, for example if

k >0, then
Tawag (2") = P(eXhz") =Y (j+1)(e"°h2",2)) 2
j>0
= Y (+1) </ / )rtle (”+kf)ecmdr> z
j>0 T
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The reasons why we study such family of symbols are
(i) Any function f in L2(ID, dA) has the following polar decomposition

(Fourier series) .
eIG) — Z elkefk(r)
keZ
where f, are radial functions in L2([0, 1], rdr).

(if) Texes, acts on the elements of the orthogonal basis of [2(D) as a
shift operator with a holomorphic weight. In fact, for example if

k >0, then
Tawag (2") = P(eXhz") =Y (j+1)(e"°h2",2)) 2
j>0
= Y (+1) <// )rtitte (”+kf)ecfdr>zf

j>0

— 2(n+k+1)/ () r2m ke g Zn K
0
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The Mellin Transform

Definition

The Mellin transform 7 of a radial function f in L' ([0,1], rdr) is defined
by

(z) = /0 "Hr o,
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The Mellin Transform

Definition
The Mellin transform 7 of a radial function f in L' ([0,1], rdr) is defined
by

f(z) = /0 "Hr o,

It is clear that, for these functions, the Mellin transform is bounded on
the right half-plane {z: %z > 2} and it is holomorphic on {z: Rz > 2}.
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The Mellin Transform

Definition
The Mellin transform 7 of a radial function f in L' ([0,1], rdr) is defined
by

f(z) = /0 "Hr o,

It is clear that, for these functions, the Mellin transform is bounded on
the right half-plane {z: %z > 2} and it is holomorphic on {z: Rz > 2}.

Therefore, we have

Toor, (27) = 2(n+k+1)f(2n+k+2) 2"k
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Holomorphic Weighted Shift (HWS)

To exploit well this observation, we introduce the following definition

Definition

Let F be a holomorphic function in the right-half plane {z € C|%z > 0},
we define the HWS operator T of symbol F and order p on L2(D) by

Te(2X) = F(k)Z*HP.
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To exploit well this observation, we introduce the following definition

Let F be a holomorphic function in the right-half plane {z € C|%z > 0},
we define the HWS operator T of symbol F and order p on L2(D) by

Te(2X) = F(k)Z*HP.

Tk is bounded if and only if F is bounded on Ny, the set of all
nonnegative integers.
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Holomorphic Weighted Shift (HWS)

To exploit well this observation, we introduce the following definition

Let F be a holomorphic function in the right-half plane {z € C|%z > 0},
we define the HWS operator T of symbol F and order p on L2(D) by

Tr(2X) = F(k)Z*P.

Tk is bounded if and only if F is bounded on Ny, the set of all
nonnegative integers.

The product (composition) of two HWS operators of order respectively
p and g is a HWS operator of order p+ q.
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On the commutativity of HWS

Let T and Tg be two HWS operators of order respectively p and q
both positive integers. If T Tg = TgTF, then TE = cT[ for some
constant ¢ and any positive integer m, n such that mp = nq.
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On the commutativity of HWS

Let T and Tg be two HWS operators of order respectively p and q
both positive integers. If T Tg = TgTF, then TE = cT[ for some
constant ¢ and any positive integer m, n such that mp = nq.

Is the converse true? YES. We need the following results:
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On the commutativity of HWS

Let T and Tg be two HWS operators of order respectively p and q
both positive integers. If T Tg = TgTF, then TE = cT[ for some
constant ¢ and any positive integer m, n such that mp = nq.

Is the converse true? YES. We need the following results:

(1) If Tr and Tg are of same order p and if there exists a positive
integer d such that T¢ = TZ, then Tg = ¢Tg where c is a d™ root
of unity.
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On the commutativity of HWS

Let T and Tg be two HWS operators of order respectively p and q
both positive integers. If T Tg = TgTF, then TE = cT[ for some
constant ¢ and any positive integer m, n such that mp = nq.

Is the converse true? YES. We need the following results:

(1) If Tr and Tg are of same order p and if there exists a positive
integer d such that T¢ = TZ, then Tg = ¢Tg where c is a d™ root
of unity.

(2) If Tr and Tg are of order respectively p and g and if there exist two
co-prime integers m and n such that 77" = T3, then TeTg = TgTF.
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On the commutativity of HWS

Let T and Tg be two HWS operators of order respectively p and q
both positive integers. If T Tg = TgTF, then TE = cT[ for some
constant ¢ and any positive integer m, n such that mp = nq.

Is the converse true? YES. We need the following results:

(1) If Tr and Tg are of same order p and if there exists a positive
integer d such that T¢ = TZ, then Tg = ¢Tg where c is a d™ root
of unity.

(2) If Tr and Tg are of order respectively p and g and if there exist two
co-prime integers m and n such that 77" = T3, then TeTg = TgTF.

Let Tg and Tg be two HWS operators. Suppose that there exist two
positive integers m and n such that TP = T(. Then TeTg = TgTF.
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Consequences

Theorem (Bicommutant)

Let Tg, Tg and Ty be HWS operators of order p,q and s respectively.
Suppose that Tr commutes with Ty and Ty commutes with Tg. Then
Tr and T commute with each other.
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Consequences

Theorem (Bicommutant)

Let Tg, Tg and Ty be HWS operators of order p,q and s respectively.
Suppose that Tr commutes with Ty and Ty commutes with Tg. Then
Tr and T commute with each other.

Corollary

If Tr and T4 are two Toeplitz operators with bounded symbols which
commute with a quasihomogeneous Toeplitz operator, then they
commute with each other.
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Consequences

Theorem (Bicommutant)

Let Tr, Tg and Ty be HWS operators of order p,q and s respectively.
Suppose that Te commutes with Ty and Ty commutes with Tg. Then
Tr and T commute with each other.

Corollary

If Tr and T4 are two Toeplitz operators with bounded symbols which
commute with a quasihomogeneous Toeplitz operator, then they
commute with each other.

If two Toeplitz operators commute with a third one, none of them being
the identity, then they commute with each other.

A
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