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Introduction

Ursell’'s problem

Mo: &, =\, Q: A®— Kb =0, r- o,=0

N={x=ccost,y=—a+esint,—m <t<n}

TR (x,y), A=w?/g, k>0 (oblique incidence)
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Introduction

Spectrum

F. Ursell, Proc. Camb. Phil. Soc., 1951, 47, 347-358

A=k(1-5%), pB~é
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Introduction

P. Mclver

Iy

P. Mclver,Q. JI. Mech. Appl. Math, 1991, 44, 193-208

)\:k(1—ﬁ2), BNGZ
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Introduction

Underwater ridge

it

/'\ r

P. Zhevandrov, A. Merzon. AMS Translations, ser. 2, 2003, 208, 235-284
M. I. Romero, P. Zhevandrov. Russ. J. Math. Phys., 2010, 17, 307-327

A = k(tanhkhg — 32), B ~e
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Formulation

F={x=eX(t),y=—a+eY(t),—-n<t<m}y, X24+VY2+#0
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Formulation

Dirichlet-Neumann operator

I
o

Mo: ®=¢, Q: Ad— kb =0, r: o,

Keo =9 = 9

Ko = Ao, K =1\/—02 + k2 + O(e)
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Schrddinger equation

Schrédinger Equation

Ksont = 0" + eV(X) = By,  e< 1,
E=-p°  ¢~exp(-Blx]), B—0,e—=0

Vix)

~L .
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Schrddinger equation

Spectrum

The distance between the eigenvalue
and the continuous spectrum is 32.

)
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Schrédinger equation

Fourier transform

E=-52 8> 0.

— 0"+ eV = —p2, (1)
Apply Fourier transform to (1):

(0% + F2)F /Vp i), (@)
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Schrédinger equation

Form of the solution
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Schrddinger equation

Exact solution

Look for the solution of (2) in the form:

n _ A(pv 6)
w(pa 6) - p2 —|—,827 (3)
Substituting (3) in (2), we obtain:
€ Vip—p)A(p, e
A(p,¢) (b —PA(P, )dp,_ @)

~ ox 02 + 32

Note that for 3 = 0 (4) has a singularity at p’ = 0.
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Schrédinger equation

Exact solution

Introduce
v:=(—oo,~1JU{p+ig: pP° +¢* =1, >0} U[1,0). (5)

q
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Schrédinger equation

Exact solution

Apply the Cauchy Residue Theorem to the right-hand side of
(4)
e [ V@E-QAQ) o € iavac
A(z) = o [y C2+—62d< - ﬁV(z —IiB)A(iB),  (6)

V(¢) is the analytic continuation of V/(p) to the complex plane.
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Schrédinger equation

Exact solution

Define the integral operator T3 by

ToplOlD) = 5 [ 25705,
v

and write (6) in terms of Ts:

[(T+€Ts)AQI(z )Z—QV(Z—IB) (iB).
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Schrédinger equation

Explicit solution

T3 is bounded, €T is small, for this reason (6) gives

A(z) = —%A(imw +eTs) V(- iB)(2), (7)

(1+€Tp)™" =3 020(—=1)""T], T§ = 1 (the Neumann series).
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Schrédinger equation

Explicit solution

Evaluate (7) at z = i3, multiply by g equation (7) and divide by
A(iB). We obtain the secular equation for (3 :

5= 5l +eT) V- i) ~ —5 [V ax @
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Water waves

Water waves — Reduction to Integral Equations

Fundamental solution: G(x, y) = —5-Ko(kr), r = \/x2 + y2.

oP(x,y)

®(&n) = - o Gx =&y —n)—p —dt
8G(X — €7y B 77)
+/rur0 o d(x,y)de.
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Water waves

Reduction to Integral Equations

Introduce p(x) = ®(x,0), 6(t) = ¢(eX(t),—a+ €Y(t)), and let
(&mn) = To,T.

We obtain
x —)\/Ko (Kix —€) ¢

/“XK' o (t, X)) 0(1) dit

7

C(t,x) = xY(t) — aX(t) + eY()X(t) — eX(8) Y(8),
o(t,x) =/ (x — X(1)2 + (a— eY (D)2,




Water waves

Reduction to Integral Equations

o(t) + 6"/” 7(88) o (ekpl(t, 5)) (s) ds

7 J_x p(t,S)
- ;/{AKo(ka(t, x)) - aa_(z))((()t) ki (Ko (t, x))} 2(X) dx,

7(t,8) = —Y(8) (X(s) — X(1)) + X(s) (Y(s) = V(1))

p(t,s) = \/(X(t) = X(8)2 +(Y(1) - V().
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Water waves

Fourier transform

ﬂmz/fwwnm, A= k(1 - 5).

_ g2 ™
(1 _ %) p=—c [ Mp.top(n)at.

s

0(t) + %@wW$%=/%mMﬂwmm

—Tr
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Water waves

—iepX(t)—(a- pY(t) :
Mi(p,te) =e iepX(t)—(a—eY (t))\/p2+k2 LJrXt |
" Ve e X0

= ifT(t’ S) g (kep(t, 5)).

Mg(t, S, 6) = p(t S)

_ n2
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Water waves

_, k-5 k PP a2 4
L(P,ﬂ)—1—\/p2+k2_\/p2+k2<2k2+ﬂ +o(p)>

L(:l:lpO(/B)wB) =0, pO(ﬁ):k/B\/ 2_62'
Therefore @(p) =
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Water waves

System for # and A

Ap) = —c [ My(p.t.)0(t) o,

—T

) ) 1
(1 + Mg) 0= A+ APt c. ),

where
f(t,e, B) = 27rM3(ipo,t e, B)(k? - p§)
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Water waves

Limiting form

1 1 1
Ki(r) = rh 5(1 —)r — érlnéJr O(r3 In r)

Mo(t,s,€) = Méo)(t, S)—{—EZMS)(Z‘, s,e,elne)+e?In eMéz)(t, S,¢€,¢elne)
In the leading term we have
1 7(ts)
™ pA(t, S)
9Gy

= -2 (X(s) = X(1), Y(s) = V(1)) X2(s) + Y2(s)

MO (t,s) =

”
Go(x,y) = o Inr
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Water waves

Exterior Neumann problem

Exterior Neumann problem

9y

Mp=0 in Q. o

=F, Vi) =0 as r— oo,
c
C={x=X(t),y=Y(t),nm<t<m}

Qo — exterior of C on R?

(1 + I\A/Iéo)) is invertible
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Water waves

Solution

= (1 + /\“/12)_1 M,A + ;0 (1 + /\“42>_1 Alipo)f.
A(p) = —eli (1 + /\72)*1 A - é/\% (1 + /\712)71 Alipo)f.

Denoting T = My(1 + M)~" M., we have

(1+c7) A= —m/\% (1+8) " Alipo)f
Alp) = _pozﬁ) (1+¢ ?)71 i (1 + /\%2)*1 Alipo)f
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Water waves

Secular equation

po(B) = —e [(1 + e?)_1 in (14 /\712)_1 f]

)

p=ipo(B)
dpo

d3 =kV2+#0

B=0

B = \}éezkze_zak (S+2mu)+ O (63 In 6)

1
MZZ(S‘szz)

where S is the area inside C, mos = fC no1) dl is the
added-mass coefficient, 1 is the solution of the exterior
Neumann problem with F = ny (vertical uniform flow past C).
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Water waves

Yy

)

X =apcos(t+a), Y =Dbgsin(t+a):

B=—"_K22e 23K cos? o + 2apby + b2 sin?a) + O(2 Ine)

V2
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Two-layer fluid

Two-layer fluid

I

roi ¢1y:)\¢1, Q1’22 A¢1’2—k2¢1’220’ [ (Dn:O

o 0(Pry = Aby) = By — Az, b1y =gy, 0 =p1/p2
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Two-layer fluid

Spectrum two-layer fluid

Continuous spectrum and possible eigenvalues

(1 —o)tanh kb

M=K o tanh kb

Ao =k
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Two-layer fluid

Discrete eigenvalue

A= (11— 8%
B~ e PK(A2S + B227))

A = coshak — %sinh ak, B =sinhak — )\T:COSh ak
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Two-layer fluid
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