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Ursell’s problem

Γ0 : Φy = λΦ, Ω : ∆Φ− k2Φ = 0, Γ : Φn = 0

Γ = {x = ε cos t , y = −a + ε sin t ,−π ≤ t < π}

ei(ωτ−kz)Φ(x , y), λ = ω2/g, k > 0 (oblique incidence)
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F. Ursell, Proc. Camb. Phil. Soc., 1951, 47, 347–358

λ = k(1− β2), β ∼ ε2
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P. McIver

P. McIver,Q. Jl. Mech. Appl. Math, 1991, 44, 193–208

λ = k(1− β2), β ∼ ε2
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Underwater ridge

P. Zhevandrov, A. Merzon. AMS Translations, ser. 2, 2003, 208, 235-284
M. I. Romero, P. Zhevandrov. Russ. J. Math. Phys., 2010, 17, 307-327

λ = k(tanh kh0 − β2), β ∼ ε
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Γ = {x = εX (t), y = −a + εY (t),−π ≤ t < π}, Ẋ 2 + Ẏ 2 6= 0
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Dirichlet-Neumann operator

Γ0 : Φ = ϕ, Ω : ∆Φ− k2Φ = 0, Γ : Φn = 0

K̂ : Φ|Γ0
= ϕ 7→ Φy |Γ0

K̂ϕ = λϕ, K̂ =

√
−∂2

x + k2 + O(ε)
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Schrödinger Equation

K̂Schψ = −ψ′′ + εV (x)ψ = Eψ, ε� 1,

E = −β2, ψ ' exp(−β|x |), β → 0, ε→ 0
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Spectrum

The distance between the eigenvalue
and the continuous spectrum is β2.

β ∼ ε
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Fourier transform

E = −β2, β > 0.

− ψ′′ + εVψ = −β2ψ, (1)

Apply Fourier transform to (1):

(p2 + β2)ψ̃(p) = − ε

2π

∫
Ṽ (p − p′)ψ̃(p′)dp′, (2)
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Form of the solution

ψ ∼ e−β|x |, ψ̃(p) ∼ δ(p),
ψ̃(p) =

∫
e−ipxψ(x) dx = Fx→pψ(x)

(p2 + β2)ψ̃ = − ε

2π

∫
Ṽ (p − p′)ψ̃(p′) dp′ ' CṼ (p)

ψ̃ ∼ C
Ṽ (p)

p2 + β2 =
A(p, ε)
p2 + β2

A(p, ε) = A0(p) + εA1(p) + . . . , β = εβ1 + ε2β2 + . . .
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Exact solution

Look for the solution of (2) in the form:

ψ̃(p, ε) =
A(p, ε)
p2 + β2 , (3)

Substituting (3) in (2), we obtain:

A(p, ε) = − ε

2π

∫
Ṽ (p − p′)A(p′, ε)

p′2 + β2 dp′. (4)

Note that for β = 0 (4) has a singularity at p′ = 0.
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Exact solution

Introduce

γ := (−∞,−1] ∪ {p + iq : p2 + q2 = 1,q > 0} ∪ [1,∞). (5)
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Exact solution

Apply the Cauchy Residue Theorem to the right-hand side of
(4)

A(z) = − ε

2π

∫
γ

Ṽ (z − ζ)A(ζ)

ζ2 + β2 dζ − ε

2β
Ṽ (z − iβ)A(iβ), (6)

Ṽ (ζ) is the analytic continuation of Ṽ (p) to the complex plane.
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Exact solution

Define the integral operator Tβ by

[Tβϕ(ζ)](z) =
1

2π

∫
γ

Ṽ (z − ζ)ϕ(ζ)

ζ2 + β2 dζ,

and write (6) in terms of Tβ:

[(1 + εTβ)A(ζ)](z) = − ε

2β
Ṽ (z − iβ)A(iβ).
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Explicit solution

Tβ is bounded, εTβ is small, for this reason (6) gives

A(z) = − ε

2β
A(iβ)[(1 + εTβ)−1Ṽ (ζ − iβ)](z), (7)

(1 + εTβ)−1 =
∑∞

n=0(−1)nεnT n
β , T 0

β ≡ 1 (the Neumann series).
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Explicit solution

Evaluate (7) at z = iβ, multiply by β equation (7) and divide by
A(iβ). We obtain the secular equation for β :

β = − ε
2

[(1 + εTβ)−1Ṽ (ζ − iβ)](iβ) ∼ − ε
2

∫
V (x) dx . (8)
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Water waves – Reduction to Integral Equations

Fundamental solution: G(x , y) = − 1
2πK0(kr), r =

√
x2 + y2.

Φ(ξ, η) = −
∫

Γ∪Γ0

G(x − ξ, y − η)
∂Φ(x , y)

∂n
d`

+

∫
Γ∪Γ0

∂G(x − ξ, y − η)

∂n
Φ(x , y) d`.
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Reduction to Integral Equations

Introduce ϕ(x) = Φ(x ,0), θ(t) = Φ(εX (t),−a + εY (t)), and let
(ξ, η)→ Γ0, Γ.
We obtain

ϕ(x)− λ

π

∫
K0 (k |x − ξ|)ϕ(ξ) dξ

= −εk
π

∫ π

−π

ζ(t , x)

σ(t , x)
K ′0 (kσ(t , x)) θ(t) dt ,

ζ(t , x) = xẎ (t)− aẊ (t) + εY (t)Ẋ (t)− εX (t)Ẏ (t),

σ(t , x) =

√
(x − εX (t))2 + (a− εY (t))2,
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Reduction to Integral Equations

θ(t) +
εk
π

∫ π

−π

τ(t , s)

ρ(t , s)
K ′0 (εkρ(t , s)) θ(s) ds

=
1
π

∫ {
λK0(kσ(t , x))− a− εX (t)

σ(t , x)
kK ′0 (kσ(t , x))

}
ϕ(x) dx ,

τ(t , s) = −Ẏ (s) (X (s)− X (t)) + Ẋ (s) (Y (s)− Y (t)) ,

ρ(t , s) =

√
(X (t)− X (s))2 + (Y (t)− Y (s))2.
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Fourier transform

ϕ̃(p) =

∫
e−ipxϕ(x) dx , λ = k(1− β2).(

1− k(1− β2)√
p2 + k2

)
ϕ̃ = −ε

∫ π

−π
M1(p, t , ε)θ(t) dt ,

θ(t) +

∫ π

−π
M2(t , s, ε)θ(s) ds =

∫
M3(p, t , ε, β)ϕ̃(p) dp,
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M1(p, t , ε) = e−iεpX(t)−(a−εY (t))
√

p2+k2

(
ipẎ (t)√
p2 + k2

+ Ẋ (t)

)
,

M2(t , s, ε) =
εk
π

τ(t , s)

ρ(t , s)
K ′0 (kερ(t , s)),

M3(p, t , ε, β) =
1

2π
ei p εX(t)−(a−εY (t))

√
p2+k2

(
1 +

k(1− β2)√
p2 + k2

)
.
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Poles

L(p, β) = 1− k(1− β2)√
p2 + k2

=
k√

p2 + k2

(
p2

2k2 + β2 + O
(

p4
))

L(±ip0(β), β) = 0, p0(β) = kβ
√

2− β2.

Therefore ϕ̃(p) =
A(p)

L(p, β)
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System for θ and A

A(p) = −ε
∫ π

−π
M1(p, t , ε)θ(t) dt ,

(
1 + M̂2

)
θ = M̂γA +

1
p0(β)

A(ip0)f (t , ε, β),

where
f (t , ε, β) = 2πM3(ip0, t , ε, β)(k2 − p2

0)

M̂γA =

∫
γ

M3(p, t , ε, β)

L(p, β)
A(p) dp
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Limiting form

K ′0(r) = −1
r

+
1
2

(1− γ)r − 1
2

r ln
r
2

+ O
(

r3 ln r
)

M2(t , s, ε) = M(0)
2 (t , s)+ε2M(1)

2 (t , s, ε, ε ln ε)+ε2 ln εM(2)
2 (t , s, ε, ε ln ε)

In the leading term we have

M(0)
2 (t , s) = −1

π

τ(t , s)

ρ2(t , s)

= −2
∂G0

∂n
(X (s)− X (t),Y (s)− Y (t))

√
Ẋ 2(s) + Ẏ 2(s)

G0(x , y) =
1

2π
ln r
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Exterior Neumann problem

Exterior Neumann problem

∆ψ = 0 in Ω0,
∂ψ

∂ n

∣∣∣∣
C

= F , |∇ψ| → 0 as r →∞,

C = {x = X (t), y = Y (t),−π ≤ t < π}

Ω0 – exterior of C on R2(
1 + M̂(0)

2

)
is invertible
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Solution

θ =
(

1 + M̂2

)−1
M̂γA +

1
p0

(
1 + M̂2

)−1
A(ip0)f .

A(p) = −εM̂1

(
1 + M̂2

)−1
M̂γA− ε

p0
M̂1

(
1 + M̂2

)−1
A(ip0)f .

Denoting T̂ = M̂1(1 + M̂2)−1M̂γ , we have(
1 + εT̂

)
A = − ε

p0(β)
M̂1

(
1 + M̂2

)−1
A(ip0)f

A(p) = − ε

p0(β)

(
1 + ε T̂

)−1
M̂1

(
1 + M̂2

)−1
A(ip0)f
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Secular equation

p0(β) = −ε
[(

1 + εT̂
)−1

M̂1

(
1 + M̂2

)−1
f
]∣∣∣∣

p=ip0(β)

,

dp0

dβ

∣∣∣∣
β=0

= k
√

2 6= 0

β =
1√
2
ε2k2e−2ak (S + 2πµ) + O

(
ε3 ln ε

)
µ =

1
2π

(S + m22)

where S is the area inside C, m22 =
∫

C n2ψ dl is the
added-mass coefficient, ψ is the solution of the exterior
Neumann problem with F = n2 (vertical uniform flow past C).
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Ellipse

X = a0 cos(t + α), Y = b0 sin(t + α) :

β =
π√
2

k2ε2e−2ak (a2
0 cos2 α + 2a0b0 + b2

0 sin2 α) + O(ε3 ln ε)
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Two-layer fluid

Γ0 : Φ1y = λΦ1, Ω1,2 : ∆Φ1,2 − k2Φ1,2 = 0, Γ : Φn = 0

Γb : σ(Φ1y − λΦ1) = Φ2y − λΦ2, Φ1y = Φ2y , σ = ρ1/ρ2
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Spectrum two-layer fluid

Continuous spectrum and possible eigenvalues

λ1 = k
(1− σ) tanh kb
1 + σ tanh kb

, λ2 = k
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Discrete eigenvalue

λ = λ1(1− β2)

β ∼ ε2e−bk (A2S + B22πµ)

A = cosh ak − λ1

k
sinh ak , B = sinh ak − λ1

k
cosh ak
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