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Framework

T :M 	 a diffeo acting on a compact Riemannian manifold M
& such that µ ◦ T−1 = µ for an ergodic probability measure µ.



Pick:
• x ∈M
• U ⊂M
• t > 0
then count:

bt/µ(U)c∑
j=0

1lU (T
jx)



Pick:
U = Br(y)
then count:

bt/µ(Br(y))c∑
j=0

1lBr(y)(T
jx)



Basic question

(M,T, µ) with ‘enough mixing’

+ y ‘typical’

+ r small enough

bt/µ(Br(y))c∑
j=0

1lBr(y) ◦ T
j law
≈ Poisson(t)



Our motivating example: the Hénon map

T

(
x
y

)
=

(
y + 1− ax2

bx

)

(for Benedicks-Carleson parameters)



Abstract setting

Nonuniformly hyperbolic systems modeled by Young towers
(Annals of Math., 1998)

+

Extra assumption: 1D local unstable manifolds.

Young tells us that there exists a SRB measure µ and
exponential decay of correlations for Hölder observables.



Theorem (J.-R. C. – P. Collet)

There exist constants C, a, b > 0 such that for all r ∈ (0, 1):
There exists a setMr such that

µ(Mr) ≤ Crb ;

For all y /∈Mr one has∣∣∣∣∣∣µ
x ∈M

∣∣∣∣∣
bt/µ(Br(y))c∑

j=0

1lBr(y)(T
jx) = k

− tk

k!
e−t

∣∣∣∣∣∣ ≤ C ra

for every integer k ≥ 0 and for every t > 0.



An abstract Poisson approximation result

Let (Xn)n∈N be a stationary {0, 1}-valued process.
Set ε := P(X1 = 1).

Then, for all positive integers p,M,N such that M ≤ N − 1 and
2 ≤ p < N , one has

dTV

(
X1 + · · ·+XN ,Poisson(Nε)

)
≤ R(ε,N, p,M)

where

R(ε,N, p,M) = 2NM
(
R1(ε,N, p) +R2(ε, p)

)
+R3(ε,N, p,M).



Application to our dynamical systems

Xj = 1lBr(y) ◦ T
j−1

ε = µ(Br(y))

N = bt/µ(Br(y))c

p = O(1)blog(r−1)c

M = 1 + blog(r−1)c



About R3

R3(ε,N, p,M) = 4

(
Mpε(1 +Nε) +

(εN)M

M !
e−Nε +Nε2

)



About R2

R2(ε, p) =

p−1∑
`=1

E
(
1l{X1=1} 1l{X`+1=1}

)
Since Xj = 1lBr(y) ◦ T j−1 one has

1l{X1=1}1l{X`+1=1} = 1 if Br(y) ∩ T `(Br(y)) 6= ∅.

For ` ‘small’ this means that y recurs ‘fast’. We prove that

µ
{
y : ∃1 ≤ k ≤ cblog(r−1)c : Br(y) ∩ T `(Br(y)) 6= ∅

}
≤ O(1) rb′ .

For ` ‘large’, use decay of correlations.



About R1

We need to get∣∣∣∣∫ 1lBr(y)(x) 1lBr(y)(T
`x) dµ(x)−

(
µ(Br(y))

)2∣∣∣∣ ≤ θ(r) µ(Br(y))
with limr→0 θ(r) = 0 except for y in set whose µ-measure goes
to 0 when r → 0.



Problem:
we must replace the 1lball by some Lipschitz functions.

This creates an extra error given by the measure of the coronas

Br(y)\Br−rδ(y) (δ > 1).

Again, we can exclude a set of ‘bad’ centers outside which

µ
(
Br(y)\Br−rδ(y)

)
= o(µ(Br(y)))

provided δ is large enough (exponential decay of correlations
needed for that).


