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Variable Exponent Spaces: some phenomena

It may happen that statements true for constant exponents...

... remain true for variable exponents and the extension is trivial
(this is the less interesting case)

... remain true for variable exponents but the proof needs some
more effort

... remain true for variable exponents but they are unsatisfactory

... remain true only for certain variable exponents

... are never true when exponents are not constant

... (even!) cannot be stated when exponents are not constant
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Variable Exponent Spaces: problem types

When statements remain true only for certain variable exponents:

a frequent problem is to characterize the class of exponents (which
includes at least the finite constant ones) such that the (classical,
known) theorems are still true

“Essentially variable” variable exponent problems
Certain problems can be considered only in the framework of variable
exponent spaces: in the constant case the problem is trivial or it does
not make sense at all

Three Examples (we are going to see)
Problems involving ...

... integrability properties of the exponent

... the decreasing rearrangement of the exponent

... the measure of the level sets of the exponent
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Variable (Exponent) Lebesgue Spaces, p(·) <∞ case

Ω ⊂ RN (N ≥ 1) (Lebesgue) measurable, 0 < |Ω| ≤ ∞

f : Ω→ R measurable

p(·) : Ω→ [1,∞[ measurable

f ∈ Lp(·)(Ω)
def.⇐==⇒ ‖f‖p(·) = inf

{
λ > 0 :

∫
Ω

∣∣∣∣ f (x)

λ

∣∣∣∣p(x)

dx ≤ 1

}
<∞

(convention: inf ∅ =∞)

Lp(·)(Ω) is a Banach Function Space, never r.i. (unless p(·) is constant)

Remark :

|f (·)|p(·) ∈ L1(Ω) ==⇒ f ∈ Lp(·)(Ω)
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Some books dealing with Variable Lebesgue Spaces
RŮŽIČKA, Electrorheological Fluids: Modeling and Mathematical
Theory, Springer (2000)
MESKHI, Measure of non-compactness for integral operators in
weighted Lebesgue spaces, Nova Science Publishers (2009)
DIENING, HARJULEHTO, HÄSTÖ, RŮŽIČKA, Lebesgue and
Sobolev spaces with Variable Exponents, Lecture Notes in
Mathematics 2017, Springer (2011)
LANG, EDMUNDS, Eigenvalues, embeddings and generalised
trigonometric functions, Springer (2011)
CRUZ-URIBE, F., Variable Lebesgue Spaces: Foundations and
Harmonic Analysis, Birkhäuser (2013)
PICK, KUFNER, JOHN, FUČÍK, Function spaces 1, De Gruyter
(2013)
IZUKI, NAKAI, SAWANO, Function Spaces with variable exponents
- an introduction, Scientiae Math. Japon. 77 (2), 276, (2014), 187–315
EDMUNDS, LANG, MÉNDEZ, Differential operators on spaces of
variable integrability, World Scientific (2014)
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Orlicz spaces

Ω ⊂ RN (N ≥ 1) measurable, 0 < |Ω| <∞

f : Ω→ R measurable

Φ : [0,∞[→ [0,∞[ continuous, strictly increasing, convex, Φ(0) = 0,
Φ′(0) = 0, Φ′(∞) =∞

f ∈ LΦ(Ω) ⇔ ‖f‖LΦ(Ω) = inf
{
λ > 0 :

∫
Ω

Φ

(
|f (x)|
λ

)
dx ≤ 1

}
<∞

(convention: inf ∅ =∞ )

Φ(t) ≈ exp(t), t large −→ EXP(Ω)
Φ(t) ≈ exp(tβ), t large −→ EXPβ(Ω) (β > 0)

Φ(t) ≈ tp logαpt , t large −→ Lp(log L)αp(Ω) (p>1, α ∈ R; p =1, α>0)

Φ(t) ≈ tp

log t
, t large −→ Lp

log L
(Ω) (p > 1)
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The Hardy-Littlewood maximal operator

For f ∈ L1
loc(RN), N ≥ 1, let M be the maximal operator defined by

Mf (x) = sup
Q3x
−
∫

Q
|f (y)|dy , x ∈ RN

where the sup is taken over all cubes Q ⊂ RN that contain x and
whose sides are parallel to the coordinate axes.

Let Ω ⊂ RN , N ≥ 1, 0 < |Ω| ≤ ∞. For f ∈ L1(Ω), by Mf we mean the
maximal operator applied to the extension to 0 on RN\Ω.

A consequence of a special case of the maximal theorem

Let Ω ⊂ RN be bounded, let 1 < p <∞.

f ∈ Lp(Ω) =⇒ Mf ∈ Lp(Ω)
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An introductory remark

Ω ⊂ RN bounded
f : Ω→ R , f ≡/ 0
1 < p(·) ∈ L∞(Ω) ( and no more assumptions on p(·) !).

Question: f ∈ Lp(·)(Ω)
?

==⇒ Mf ∈ Lp(·)(Ω)

f ∈ Lp(·)(Ω) =⇒/ Mf ∈ Lp(·)(Ω)

f ∈ Lp(·)(Ω) =⇒/ (Mf )p(·) ∈ L1(Ω)

f ∈ Lp(·)(Ω) =⇒/ exp(log((Mf )p(·))) ∈ L1(Ω)

f ∈ Lp(·)(Ω) =⇒/ exp(p(·) log(Mf )) ∈ L1(Ω)

but

f ∈ Lp(·)(Ω) =⇒ p(·) log(Mf ) ∈ EXP(Ω)
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A question involving the integrability of the exponent

An introductory remark

Ω ⊂ RN bounded

1 ≤ p(·) ∈ L∞(Ω)

f ∈ Lp(·)(Ω) , f ≡/ 0

⇒ p(·) log(Mf ) ∈ EXP(Ω)

Proof : We use just f ∈ L1(Ω). For each 0 < q < 1 it is
(Mf )‖p‖∞q/‖p‖∞ = (Mf )q ∈ L1(Ω) (this is simple and classical: Stein,
Harmonic Analysis, p. 43). Therefore (Mf )p(·)q/‖p‖∞ ∈ L1(Ω), from
which exp(p(·)(q/‖p‖∞) log(Mf )) ∈ L1(Ω) and p(·) log(Mf ) ∈ EXP(Ω).

Question
What happens if we weaken the assumption on p(·) in terms of
integrability property? Do we get (at least some) exponential
integrability of p(·) log(Mf )?
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Question
What happens if we weaken the assumption on p(·) in terms of
integrability property? Do we get (at least some) exponential
integrability of p(·) log(Mf )?
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An example showing that
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=⇒/ p(·) log(Mf ) ∈ EXPβ(0,1)

Take p(x) = x−b + 1, 0 < b < 1/r and f (x) = (1/
√

x)1/p(x)

F. , J. Funct. Spaces (2015)

Let Ω ⊂ RN be bounded, 1 ≤ p(·) <∞, and let f ∈ Lp(·)(Ω), f ≡/ 0.
If p(·) /∈

⋃
β>0 EXPβ(Ω), then p(·) log(Mf ) is not necessarily in⋃

β>0 EXPβ(Ω)

If p(·) ∈
⋃
β>0 EXPβ(Ω) then also p(·) log(Mf ) does, and in

particular

p(·) ∈ EXPβ(Ω) =⇒ p(·) log(Mf ) ∈ EXPβ/(β+1)(Ω)
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The decreasing rearrangement

Ω ⊂ Rn (n ≥ 1) measurable, 0 < |Ω| <∞

f : Ω→ R measurable

µf : [0,∞[→ [0, |Ω|] is the distribution function of f , defined by

µf (λ) = |{x ∈ Ω : |f (x)| > λ}|

f∗ : [0, |Ω|]→ [0,∞] is the decreasing rearrangement of f , defined by

f∗(t) = inf{λ ≥ 0 : µf (λ) ≤ t} (inf ∅ =∞)

‖f‖Lp(Ω) = ‖f∗‖Lp(0,|Ω|) (1 ≤ p ≤ ∞)
and more generally
‖f‖LΦ(Ω) = ‖f∗‖LΦ(0,|Ω|)
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The decreasing rearrangement: an example

f (x) = | sin x |+ 1 .2

f∗(x) = cos
(x

4

)
+ 1 .1

Ω = (0,2π)
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Introduction to the Grand Lebesgue Spaces

Ω ⊂ Rn (n ≥ 1) measurable, 0 < |Ω| <∞, 1 < p <∞
Since Lp(Ω) (

⋂
0<ε<p−1

Lp−ε(Ω), we may consider

f ∈
⋂

0<ε<p−1

Lp−ε(Ω)− Lp(Ω)

We have that
(
−
∫

Ω
|f |p−εdx

) 1
p−ε

↑ ∞ as ε→ 0. Consider those

f : Ω→ R such that the blowing is controlled :

‖f‖p) := sup
0<ε<p−1

(
ε−
∫

Ω
|f |p−εdx

) 1
p−ε

<∞

Lp)(Ω) =grand Lp space= {f : ‖f‖p) <∞}
[IWANIEC-SBORDONE, (1992)]
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Properties of the Grand Lebesgue Spaces

Ω ⊂ Rn (n ≥ 1) measurable, 0 < |Ω| <∞, 1 < p <∞

f ∈ Lp)(Ω) ⇔ ‖f‖p) = ‖f‖Lp)(Ω) = sup
0<ε<p−1

(
ε−
∫

Ω
|f |p−εdx

) 1
p−ε

<∞

Lp)(Ω) is a Banach Function Space, rearrangement invariant, not
separable, not reflexive

Lp(Ω) (
Lp

log L
(Ω) ( Lp)(Ω) (

⋂
α>1

Lp

logα L(Ω)
(

⋂
0<ε<p−1

Lp−ε(Ω)
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Grand Lebesgue Spaces: variants and applications

Associate space: the small Lebesgue spaces [F. Collect. Math. 2000],
[CAPONE,F. J. Funct. Spaces 2005], [F., KARADZHOV, Z. Anal. Anwend.
2004], [F. RAKOTOSON, Math. Ann. 2003], [DI FRATTA, F., Nonlinear
Anal. 2009], [COBOS, KÜHN, Calc. Var. PDE 2014], [ANATRIELLO,
Collect. Math. 2014], GΓ spaces [F., RAKOTOSON, JMAA 2008], [F.,
RAKOTOSON, ZITOUNI, Indiana Univ. Math. J. 2009], [GOGATISHVILI,
PICK, SOUDSKÝ, Studia Math. 2014]

Applications: Integrability of the Jacobian [IWANIEC-SBORDONE,
ARMA 1992], [GRECO, Diff. Int. Eq. 1993] Mappings of finite distortion
[IWANIEC, KOSKELA, ONNINEN Invent. Math. 2001], PDEs [SBORDONE,
Matematiche, 1996], [F.,SBORDONE, Studia Math. 1998], [GRECO,
IWANIEC, SBORDONE, Manuscripta Math. 1997], [BOCCARDO, CRAS
1997], [F.,MERCALDO,RAKOTOSON Discr. Cont. Dyn. Systems 2002],
Calculus of Var. [F.,RAKOTOSON, Calc.Var. 2005], Extrapolation
[CAPONE, F., KRBEC, J. Ineq. Appl. 2006]
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Grand Lebesgue Spaces: variants and applications

Variants: Grand Orlicz spaces [KOSKELA, ZHONG, Ric. Mat. 2002],
[CAPONE,F.,KARADZHOV, Math. Scand. 2008], [FARRONI, GIOVA, J.
Funct. Spaces 2013], Fully measurable grand Lebesgue spaces
[CAPONE, FORMICA, GIOVA, Nonlinear Anal. 2013], [ANATRIELLO, F.,
JMAA 2015], weighted grand Lebesgue spaces [F.,GUPTA,JAIN, Studia
Math. 2008], grand spaces on sets of infinite measure [SAMKO,
UMARKHADZHIEV, Azerbaijan J.Math. 2011], grand Morrey [MESKHI,
Complex Var. Elliptic. Eq. 2011], [KOKILASHVILI, MESKHI, RAFEIRO,
Georgian Math. J. 2013], grand grand Morrey [RAFEIRO Oper. Theory
Adv. Appl. 2013], grand Bochner- Lebesgue [KOKILASHVILI, MESKHI,
RAFEIRO, J. Funct. Anal. 2014], abstract grand spaces [F., KARADZHOV,
Z. Anal. Anwend. 2004]

Sobolev-type results: [FUSCO, LIONS, SBORDONE, Proc. AMS 1996],
[F.,KRBEC,SCHMEISSER, J. Funct. Anal. 2014],
[MAEDA,MIZUTA,OHNO,SHIMOMURA, Ann.Acad.Sci.Fenn. 2015],
[FUTAMURA, MIZUTA, OHNO, Proc. Int. Symp. on Banach and Funct.
Spaces IV, 2012]
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Rearranging exponents: first elementary embeddings

p− = ess inf p = ess inf p∗ , p+ = ess sup p = ess sup p∗

Lp+(Ω) ⊆ Lp(·)(Ω) ⊆ Lp−(Ω) Lp+(0, |Ω|) ⊆ Lp∗(·)(0, |Ω|) ⊆ Lp−(0, |Ω|)
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Lp(·)(0,1) 6= Lp∗(·)(0,1), unless p(·)↘
(in the picture : p(x) = 1 + sin2x p∗(x) = 1 + cos2(x/2), x ∈ (0, π) )

Proposition: Lp(·)(0,1) and
Lp∗(·)(0,1) are never comparable,
unless p(·) = p∗(·) a.e., i.e. p(·)↘

Proof: We assume that they are
comparable and we prove that
p(·) = p∗(·). It must be
p(·) ≤ p∗(·) a.e. or p∗(·) ≤ p(·) a.e..
If the first is true (p(·) ≤ p∗(·) a.e.)
and the second is not, it would
exist a set E , |E | > 0, where
p(·) < p∗(·) a.e., therefore
‖p‖1 < ‖p∗‖1, absurd. Similar
argument in the other case.
Conclusion: they are both true, i.e.
p(·) = p∗(·) a.e.
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p(·) ≤ p∗(·) a.e. or p∗(·) ≤ p(·) a.e..
If the first is true (p(·) ≤ p∗(·) a.e.)
and the second is not, it would
exist a set E , |E | > 0, where
p(·) < p∗(·) a.e., therefore
‖p‖1 < ‖p∗‖1, absurd. Similar
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Conclusion: they are both true, i.e.
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A.Fiorenza (Universitá di Napoli "Federico II") essentially variable Lebesgue problems June 11, 2015 18 / 28



university-logo

Some finer inclusions

Lp+(Ω) = {f : f∗ ∈ Lp+(0, |Ω|)}

⊆ {f : f∗ ∈ Lp∗(·)(0, |Ω|)}

A.Fiorenza (Universitá di Napoli "Federico II") essentially variable Lebesgue problems June 11, 2015 19 / 28



university-logo

Some finer inclusions

Lp+(Ω) = {f : f∗ ∈ Lp+(0, |Ω|)} ⊆ {f : f∗ ∈ Lp∗(·)(0, |Ω|)}

A.Fiorenza (Universitá di Napoli "Federico II") essentially variable Lebesgue problems June 11, 2015 19 / 28



university-logo

Some finer inclusions

Lp+(Ω) = {f : f∗ ∈ Lp+(0, |Ω|)} ⊆ {f : f∗ ∈ Lp∗(·)(0, |Ω|)} ⊆ Lp+−ε(Ω)

Last inclusion follows from Lp+−ε(Ω) = {f : f∗ ∈ Lp+−ε(0, |Ω|)}
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Grand Lebesgue spaces come into play!

Lp+(Ω) ⊆ {f : f∗ ∈ Lp∗(·)(0, |Ω|)} ⊆
⋂

0<ε<p−1

Lp+−ε(Ω)

Lp+(Ω) ⊆ Lp+)(Ω) ⊆
⋂

0<ε<p−1

Lp+−ε(Ω)

Problem: relation between {f : f∗ ∈ Lp∗(·)(0, |Ω|)} and Lp+)(Ω) ?

Answer: The inclusion

{f : f∗ ∈ Lp∗(·)(0, |Ω|)} ⊆ Lp+)(Ω)

holds when p∗(·) has a certain modulus of continuity in the origin. If
the condition on the modulus of continuity does not hold, a
counterexample exists.
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A result involving the rearrangement of the exponent

F., Rakotoson, Sbordone, Comm. Contemp. Math. (2015)
If 1 < p− ≤ p(·) ≤ p+ <∞ in (0,1), p∗(0) > 1, and

(LHt=0) lim sup
t→0

|p∗(t)− p∗(0)|| log t | <∞

then {f : f∗ ∈ Lp∗(·)(0, |Ω|)} coincides with the Banach function space
Lp∗(·)
∗∗ (Ω) defined through the norm

‖f‖
Lp∗(·)
∗∗ (Ω)

= ‖−
∫ •

0
f∗(s)ds‖Lp∗(·)(0,|Ω|)

and

Lp+(Ω) ⊆ Lp∗(·)
∗∗ (Ω) = {f : f∗ ∈ Lp∗(·)(0, |Ω|)} ⊂ Lp+)(Ω) = Lp∗(0))(Ω)

last inclusion being strict.
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Approximate identities in Lp, 1 ≤ p ≤ ∞

Let ϕ(x)=


1∫

|x|≤1 e
1

|x|2−1 dx
e

1
|x|2−1 if|x | < 1

0 if|x | ≥ 1

and let ϕt (x) = t−Nϕ
(x

t

)
, t > 0

It is ϕ ∈ L1(RN), ϕt ∈ L1(RN) ∀t > 0 and their integrals over RN are 1.
For any ϕ enjoying these properties, the set {ϕt : t > 0} is called
approximation identity because for all p, 1 ≤ p <∞, and for all
f ∈ Lp(RN),

ϕt ∗ f (·) =

∫
RN
ϕt (· − y)f (y)dy → f (·) in Lp(RN) as t → 0

Moreover, if the radial and decreasing function (as |x | decreases)
Φ(x) = sup|y |≥|x | |ϕ(y)| ∈ L1(RN) (as in the example above, which is
such that Φ = ϕ), {ϕt : t > 0} is called potential type approximation
identity and ϕt ∗ f → f a.e. as t → 0 (this is true for p =∞, too).
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Approximate identities in Lp(·) , norm convergence

Theorem [Diening (2004)], [Cruz-Uribe, F. (2007,2013)]

M bounded on Lp′(·)(Ω)
{ϕt : t > 0} pot. type approx. ident.
f ∈ Lp(·)(Ω)

⇒ ϕt ∗ f → f in Lp(·)(Ω)

Some history:
[SHARAPUDINOV (1996)], general convolution operators with L1

kernels, but on the unit circle
[SAMKO (1999)], Ω bounded domain, p ∈ LH (i.e.
|p(x)− p(y)| ≤ C/(− log |x − y |), |x − y | < 1/2, and
|p(x)− p∞| ≤ C/ log(e + |x |) for some p∞ ≥ 1), φ ∈ Lp′(·)+(Ω)

[DIENING (2004)], 1 < p− ≤ p+ <∞, M bdd in Lp(·)(Ω)

[CRUZ-URIBE, F. (2007)] p ∈ LH (but possibly p− = 1)
[CRUZ-URIBE, F. (2013)] M bounded on Lp′(·)(Ω)
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Approximate identities in Lp(·) , converg. in measure

The norm convergence result for approximate identities is obtained for
special exponents p such that p+ <∞ and examples exist such that
the norm convergence does not hold when p+ =∞ (we will see one).

Question: Allowing p+ =∞, to look for conditions on p(·) such that a
weaker notion of convergence holds: the convergence in measure.

Cruz-Uribe, F., Analysis and Applications (2015)

If{ϕt : t > 0}is a potential type approximation identity, then ∀f ∈Lp(·)(RN)

ϕt ∗ f → f in measure⇐==⇒ ∃M > 1 : |{x ∈ RN : p(x) > M}| <∞

In [CRUZ-URIBE, F. (2013)] we showed
p+ <∞⇒ ϕt ∗ f → f in measure and we gave the following example of
p(·) such that p+ =∞ and ϕt ∗ f →/ f in measure (and therefore in
norm). In view of the recent result, we will give a new comment on it.
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norm). In view of the recent result, we will give a new comment on it.
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Example: p+ =∞ and ϕt ∗ f →/ f ∈ Lp(·)(R) in measure

Let p(x) = 1 + |x |, x ∈ R, φ(x) = χ(−1/2,1/2), and let

f (x)=


1 if x ∈ [2n,2n + 1]

0 if x ∈ ]2n − 1,2n[

, n ≥ 1 f ∈ Lp(·)(R)
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thank you !
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