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Monads over projective varieties

Let X be a projective variety over an algebraically closed field of characteristic
zero.

Let A, B and C be sheaves over X . A monad over X is a complex

M• : 0 // A α // B
β // C // 0

that is exact at A and C.

The cohomology sheaf of the monad M is E := kerβ/im α.
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Monads over projective varieties
Questions

M• : 0 // A α // B
β // C // 0

Questions on monads:

1. Existence
Given A, B, and C, is there a monad of type M•?

2. Families
Given A, B, and C, what does the family of monads of type M•
look like?

3. Properties of the cohomology
Given a monad of type M•, what can we say about its
cohomology sheaf? Is it simple? Is it stable?

4. Characterisation
Given a sheaf over X, does it come from a monad of type M•?
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Monads over projective varieties
Existence

Given A, B, and C, is there a monad of type M•?

M• : 0 // A α // B
β // C // 0
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Monads over projective varieties
Existence

Fløystad 2000 There is a monad

0 // OPn (−1)a α // OPn
b β // OPn (1)c // 0

if and only if one of the following holds:

1. b ≥ 2c + n and b ≥ a + c;
2. b ≥ a + c + n.

Costa, Miró Roig 2009 Let Qn ⊂ Pn+1 be a quadric hypersurface, n ≥ 3.
There is a monad

0 // OQn (−1)a α // OQn
b β // OQn (1)c // 0

if and only if one of the conditions 1 and 2 holds.
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Monads over projective varieties
Existence

Theorem (Marchesi, Soares, __ )
Let X be a projective variety of dimension n. Let L be a very ample line bundle

over X such that the immersion X
|L| // PN is ACM. There is a monad

0 // (L∨)a α // OX
b β // Lc // 0

if and only if one of the following holds:
1. b ≥ 2c + n and b ≥ a + c;
2. b ≥ a + c + n.
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Monads over projective varieties
Example over a Segre variety

Consider the Segre embedding Pl × Pm //Plm+l+m , with homogeneous
coordinates [z00 : · · · : zlm] in Plm+l+m. The Segre variety is defined by the
polynomials

zabzcd − zadzcb,

with 0 ≤ a, c ≤ l and 0 ≤ b,d ≤ m.

For (a,b) 6= (c,d), write uabcd := zab + zcd and vabcd := zab − zcd . Since

zabzcd = 1
4

(
(zab + zcd )2 − (zab − zcd )2) = 1

4

(
uabcd

2 − vabcd
2) ,

we get for any point in the Segre variety

uabcd
2 − vabcd

2 − uadcb
2 + vadcb

2 = 0.

qabcd := (uabcd , vabcd ,uadcb, vadcb),
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Monads over projective varieties
Example over a Segre variety

Choose linear forms w1, . . . ,w2e that cannot vanish simultaneously on the
Segre variety and set

A1 =



we
...

. . .
w1 we

. . .
...

w1

 , A2 =



w2e
...

. . .
we+1 w2e

. . .
...

we+1

 ,

B1 =

w1 · · · we
. . . . . .

w1 · · · we

 , B2 =

we+1 · · · w2e
. . . . . .

we+1 · · · w2e

 ,

A =

[
−A2
A1

]
, B =

[
B1 B2

]
,
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Monads over projective varieties
Example over a Segre variety

0 // OPl×Pm (−1,−1)k
α
// O2k+lm+l+m−1−p

Pl×Pm
β
// OPl×Pm (1,1)k // 0

Pedro Macias Marques (UE) Monads over projective varieties 13th June 2015 9 / 18



Families of monads

What does the family of monads of type M• look like?

M• : 0 // A α // B
β // C // 0

Pedro Macias Marques (UE) Monads over projective varieties 13th June 2015 10 / 18



Families of monads

Theorem (Marchesi, Soares, __ )
Let a, b, and c satisfy the conditions of the prevoius theorem, and suppose
that 1 ≤ c ≤ 2. Then for any surjective morphism β ∈ Hom

(
OPn

b,OPn (1)c
)

there is a morphism α ∈ Hom
(
OPn (−1)a,OPn

b) yielding a monad

0 // OPn (−1)a α // OPn
b β // OPn (1)c // 0.

Furthermore, the set of pairs

(α, β) ∈ Hom
(
OPn (−1)a,OPn

b)× Hom
(
OPn

b,OPn (1)c)
yielding such a monad is an irreducible algebraic variety.
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Simplicity of the cohomology sheaf

Given a monad M•, what can we say about its cohomology sheaf?

M• : 0 // A α // B
β // C // 0

Pedro Macias Marques (UE) Monads over projective varieties 13th June 2015 12 / 18



Simplicity of the cohomology sheaf

Theorem (Marchesi, Soares, __ )
Let X be an ACM, smooth, n-dimensional, projective variety embedded in PN

by a very ample invertible sheaf L and let a and b be integers such that
max{n + 1,a + 1} ≤ b ≤ h0(L). Then there exists a monad

0 // (L∨)a α // OX
b β // L // 0.

whose cohomology sheaf is simple.

Moreover, when b = n + 1, then any monad of this type is simple.
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Cohomological characterisation of monads

Given a sheaf over X , does it come from a monad of type M•?

M• : 0 // A α // B
β // C // 0
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Cohomological characterisation of monads
Examples of n-block collections generating Db(X)

For X = Pn,
B =

(
OPn (d), . . . ,OPn (d + n)

)
,

∨B =
(
OPn (d + n), . . . ,ΛiTPn (d + n − i), . . . ,ΛnTPn (d)

)
.

For X = Qn, with n ≥ 3,

B =
(
OQn (−1),Σ∗(−1),OQn , . . . ,OQn (n − 2)

)
,

∨B =
(
OQn (n − 2), ψ∗1(n − 2), . . . , ψ∗n−2(n − 2),Σ∗(n − 1), ψ0(n − 1)

)
where

Σ∗(a) =

{(
Σ1(a),Σ2(a)

)
, if n is even,

Σ(a), if n is odd.

ψ0 = OQn , ψ1 = Ω1(1)|Qn , 0 // Ωj (j)|Qn
// ψj // ψj−2 // 0.
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Cohomological characterisation of monads
Natural cohomology with respect to an n-block collection

Hartshorne, Hirschowitz, 1982 We say that a coherent sheaf F over the
projective space Pn has natural cohomology if for each t ∈ Z, at
most one of the cohomology groups H i

(
Pn,F (t)

)
is non-zero.

Definition
A coherent sheaf E on X has natural cohomology with respect to B if, for each
0 ≤ p ≤ n and 1 ≤ l ≤ αp, there is at most one q ≥ 0 such that Extq (F p

l ,E
)

is
non-zero.
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Cohomological characterisation of monads

Ingredients:
> X smooth projective variety of dimension n;

integers a,b, c ≥ 1;
> B =

(
F 0

1 , . . . ,F
0
α0
, . . . ,F n

1 , . . . ,F
n
αn

)
n-block collection generating Db(X );

> F i
i0 , F j

j0 , F k
k0

elements of B, of ranks ri , rj , rk ≥ 1, respectively;
> E torsion-free sheaf on X .

Theorem (Soares, __ 2014)
Then E is the cohomology sheaf of a monad defined by

M• : 0 //
(
F i

i0

)a //
(
F j

j0

)b //
(
F k

k0

)c // 0,

if and only if

> ct (E) = ct
(
F j

j0

)bct
(
F i

i0

)−act
(
F k

k0

)−c ;
> rank(E) = brj − ari − crk ;
> E has natural cohomology with respect to ∨B.
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