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Outline

e Quantum Dots: Wetting and zero contact angle. Shapes of islands

e Surface Diffusion in epitaxially strained solids: Existence and regularity

¢ Nucleation of Dislocations: Release of energy ...and film becomes flat!
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Quantum Dots. The Context

Strained epitaxial films on a relatively thick substrate; the thin film wets the
substrate

Islands develop without forming dislocations — Stranski-Krastanow growth

plane linear elasticity (In-GaAs/GaAs or SiGe/Si)

@ free surface of film is flat until reaching a critical thikness
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@ lattice misfits between substrate and film induce strains in the film

@ Complete relaxation to bulk equilibrium = crystalline structure would be
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Quantum Dots. The Context

Strained epitaxial films on a relatively thick substrate; the thin film wets the
substrate

Islands develop without forming dislocations — Stranski-Krastanow growth

plane linear elasticity (In-GaAs/GaAs or SiGe/Si)

o free surface of film is flat until reaching a critical thikness
@ lattice misfits between substrate and film induce strains in the film

@ Complete relaxation to bulk equilibrium = crystalline structure would be
discontinuous at the interface

@ Strain = flat layer of film morphologically unstable or metastable after a
critical value of the thickness is reached (competition between surfagcg...
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Islands

To release some of the elastic energy due to the strain: atoms on the free sur-
face rearrange and morphologies such as formation of islands (quatum dots)
of pyramidal shapes are energetically more economical. Kinetics of Stranski-
Krastanow depend on initial thickness of film, competition between strain and
surface energies, anisotropy, ETC.

Y, ¥ =hix)

Subswrate Wafer
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Why Do We Care?

Quantum Dots: "semiconductors whose characteristics are closely related to

size and shape of crystals"
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Why Do We Care?

Quantum Dots: "semiconductors whose characteristics are closely related to
size and shape of crystals”

e transistors, solar cells, optical and optoelectric devices (quantum dot laser),
medical imaging, information storage, nanotechnology ...

e electronic properties depend on the regularity of the dots, size, spacing, etc.

¢ 3D Printing: New additive manufacturing technology— the mathematical
understanding of the theory of dislocations will be central to address the
energy balance between laser beam power (laser beams are used to melt the
powder of the material into a specific shape) and the energy required to form
a given geometrical shape
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Epitaxial films: equilibrium configurations

Qp

Substrate

1 .
» E(u) = i(Vu + V™) ... strain

» W(E)=LE-CE ...energy density
2

v

C ... positive definite fourth-order tensor

v

1 = ... (anisotropic) surface energy density
u(z,0) = eo(2,0), Vu(-t)...Q-periodic

v
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Epitaxial films: equilibrium configurations

W (E(x)) dedy + / w(u)daJ
Qp | Qp IV
ol ib
: Substrate :
]. T .
» B(u) = 5(Vu+ V') ...strain

» W(E)=LE-CE ...energy density
2

» C ... positive definite fourth-order tensor
» 1 = ...(anisotropic) surface energy density
» u(x,0) = eo(z,0), Vu(-,t)...Q-periodic
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F(hw) = | W(B(w)dudy + /F

wme

Brian Spencer, Bonnetier and Chambolle, Chambolle and Larsen; Caflish, W. E, Otto, Voorhees, et. al
epitaxial thin films: Gao and Nix, Spencer and Meiron, Spencer and Tersoff, Chambolle, Braides, Bonnetier, Solci, F., Fusco, Leoni, Morini

anisotropic surface energies: Herring, Taylor, Ambrosio, Novaga, and Paolini, Fonseca and Miiller, Morgan

mismatch strain (at which minimum energy is attained)

_ 60i®i IfyZO,
E“w_{o ify <0,

ey >0
i the unit vector along the x direction

elastic energy per unit area: W (E — Ey (y))

W(E) = %E -CE, E(u):= %(VU + (Vu)T)

.. positive definite fourth-order tensor Car
fllm and substrate have similar material properties, share the same homogeneous'
elasticity tensor C Prcd
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,_ Ylm if y> 07
v "{ Yoy iy = 0.

Total energy of the system:

Fu) = [ W (B)(w0) - Baw) dx+ [ 0(0) a0, J

Iy, =00, N ((0,b) x R) ... free surface of the film
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Hard to Implement ...

Sharp interface model is difficult to be implemented numerically

Instead: boundary-layer model; discontinuous transition is regularized over a
thin transition region of width ¢ (“smearing parameter”)

E&(y)¢=%€0<1+f<%>)i®i, yeR J
s (¥) = Ysub + (Vam — Ysub) f (%) , y=>0 J

F0)=0, lm f(y)=-1 lim f(y)=1 G
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smooth transition — total energy of the system:

Fs ) = [ W (B@e0) - B @) dx+ [ b ) a9 J
. Yfilm Z “Ysub
Two regimes: Vem < Youb
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Wetting, etc.

asymptotics as § — 0T

® Yfilm < Vsub

relaxed surface energy density is no longer discontinuous: it is constantly
equal to ygim- .. WETTING!
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equal to ygim- .. WETTING!

[ ]
more favorable to cover the substrate with an infinitesimal layer of film atoms

(and pay surface energy with density v4),,) rather than to leave any part of the
substrate exposed (and pay surface energy with density ~su1,)
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Wetting, etc.

asymptotics as § — 0"

® Yfilm < Vsub
relaxed surface energy density is no longer discontinuous: it is constantly

equal to ygim- .. WETTING!

[ ]
more favorable to cover the substrate with an infinitesimal layer of film atoms

(and pay surface energy with density v4),,) rather than to leave any part of the
substrate exposed (and pay surface energy with density ~su1,)

e wetting regime: regularity of local minimizers (u, 2) of the limiting functional
F. under a volume constraint
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Cusps and Vertical Cuts

for at most a finite number of cusps and vertical cuts which correspond to

The profile & of the film for a locally minimizing configuration is regular except
vertical cracks in the film J

[Spencer and Meiron]: steady state solutions exhibit cusp singularities,
time-dependent evolution of small disturbances of the flat interface result in
the formation of deep grooved cusps (also [Chiu and Gao]); experimental
validation of sharp cusplike features in Sly.¢ Geg .4
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Cusps and Vertical Cuts

for at most a finite number of cusps and vertical cuts which correspond to

The profile i of the film for a locally minimizing configuration is regular except
vertical cracks in the film }

[Spencer and Meiron]: steady state solutions exhibit cusp singularities,
time-dependent evolution of small disturbances of the flat interface result in
the formation of deep grooved cusps (also [Chiu and Gao]); experimental
validation of sharp cusplike features in Sly ¢ Geg 4

zero contact-angle condition between the wetting layer and islands

I' contact angle =zero
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Regularity ...

@ conclude that the

graph of h is a Lipschitz continuous curve away from a finite number

of singular points (cusps, vertical cuts)
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Regularity ...

@ conclude that the
graph of h is a Lipschitz continuous curve away from a finite number

of singular points (cusps, vertical cuts)

@ ...and more: Lipschitz continuity of i +blow up argument+classical
results on corner domains for solutions of Lamé systems of » = decay
estimate for the gradient of the displacement u near the boundary =
C1* regularity of h and Vu; bootstrap
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Regularity ...

@ conclude that the
graph of h is a Lipschitz continuous curve away from a finite number

of singular points (cusps, vertical cuts)

@ ...and more: Lipschitz continuity of i +blow up argument+classical
results on corner domains for solutions of Lamé systems of » = decay
estimate for the gradient of the displacement u near the boundary =
C1* regularity of h and Vu; bootstrap

...this leads us to linearly isotropic materials
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Linearly Isotropic Elastic Materials

W (E) = %)\ for (B)]? + ot (E2)
A and p are the (constant) Lamé moduli

w>0, pu+A>0.

Euler-Lagrange system of equations associated to W

pAu+ A+ p) V (divu) =0 in Q. J
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Regularity of I': No Corners

Lsing := Deusps U {(z, h(2)) : h(z) < h™(z)}

Already know that Ty, is finite
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Regularity of I": No Corners

Fging 1= Feusps U {(z, h(z)) : h(z) < h™(z)}
Already know that Ty, is finite

Theorem

(u, Q) € X ...local minimizer for the functional Fi.
Then I\ Ty is of class C17 forall 0 < o < 1.

If Zo — (1‘0, 0) el \ Fsing then h,(l’o) =0.
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Shapes of Islands [With A. Pratelli and B. Zwicknagl]

We proved that the shape of the island evolves with the size (and size varies
with misfit! ... later...):

small islands always have the half-pyramid shape, and as the volume
increases the island evolves through a sequence of shapes that include more
facets with increasing steepness — half pyramid, pyramid, half dome, dome,
half barn, barn
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Shapes of Islands [With A. Pratelli and B. Zwicknagl]

We proved that the shape of the island evolves with the size (and size varies
with misfit! ... later...):

small islands always have the half-pyramid shape, and as the volume
increases the island evolves through a sequence of shapes that include more

facets with increasing steepness — half pyramid, pyramid, half dome, dome,
half barn, barn

This validates what was experimentally and numerically obtained in the
physics and materials science literature
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Another Incompatibility: Miscut

Small slope approximation of a geometrically linear elastic strain energy
([Tersoff & Tromp, 1992; Spencer & Tersoff, 2010])

fully facetted model:
/ / log |z — y|u'(z)u' (y) dydx + length(Graph(u)) — L,
height profile u, supp(u) = [0, L]

u € A:= {tan(—0,, +nf): ne N C Z}
0., describes miscut. If 6,, # 0, wetting not admissible

substrate

0

Carnegie
. Mellon’
FlgU '€  Sketch of a faceted height profile function w with support [0, L]. The profile is Lipschitz and the derivative lies almost everywherk!esity
discrete set. The miscut angle is denoted by 6,,, # 0, i.e., the preferred orientation of the film is not parallel to the substrate surface. Ne”t‘e" for
lonlinear
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Compactness: Bounds on the Support of u

F(d) ;== inf{E(u) : [u=d}

Theorem

@ Foreveryd,r > 0 there exists L such that if E(u) < F(d) +r, then L <L

@ Ifd +0andr —0,thenL — 0
no wetting effect for small volumes; wetting— optimal profiles tend to be
extremely large and flat when the mass is small. The flat profile is not
admissible

Theorem

@ Every minimizer satisfies the quantized zero contact angle property: the
island meets the substrate at the smallest angle possible

@ Thereis a volumed > 0 such that the half pyramid is the unique
minimizer for every d € (0, d)

v
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barn

half barn

dome

half dome

half pyramid

Carnegie

Mello

. Iniversity

FlgU '€  Shape transitions with increasing volume at miscut angle 3°. Numerical simulation. Courtesy of B. Spencer and J. Tersoff, Appl. Rhysy kett.

bf 96/7, 073114 (2010) Nonlinear
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Surface Diffusion in Epitaxially Strained Solids
[With N. Fusco, G. Leoni, M. Morini]
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Surface Diffusion in Epitaxially Strained Solids

[With N. Fusco, G. Leoni, M. Morini]

Einstein-Nernst Law :
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Surface Diffusion in Epitaxially Strained Solids
[With N. Fusco, G. Leoni, M. Morini]

Einstein-Nernst Law : surface flux of atoms oc Vrpu
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Surface Diffusion in Epitaxially Strained Solids
[With N. Fusco, G. Leoni, M. Morini]

Einstein-Nernst Law : surface flux of atoms oc Vrpu

u= chemical potential
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Surface Diffusion in Epitaxially Strained Solids
[With N. Fusco, G. Leoni, M. Morini]

Einstein-Nernst Law : surface flux of atoms oc Vrpu

u= chemical potential ~»
V=cx Appp (volume preserving)

Laplace-Beltrami operator
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Surface Diffusion in Epitaxially Strained Solids
[With N. Fusco, G. Leoni, M. Morini]

Einstein-Nernst Law : surface flux of atoms oc Vrpu

u= chemical potential ~»
V=cx Appp (volume preserving)
Laplace-Beltrami operator
p= first variation of energy = divprDy(v) +W(E(u)) + A
———

anisotropic curvature
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Surface Diffusion in Epitaxially Strained Solids
[With N. Fusco, G. Leoni, M. Morini]

Einstein-Nernst Law : surface flux of atoms oc Vrpu

u= chemical potential ~»
V=cx Appp (volume preserving)
Laplace-Beltrami operator
p= first variation of energy = divprDy(v) +W(E(u)) + A
———

anisotropic curvature

Center for

v = Ar (dive Dyg(v) + W (E(w))) J i
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Highly Anisotropic Surface Energies
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Highly Anisotropic Surface Energies

For highly anisotropic v it may happen
D*y(v)[r,7] <0 forsomer L v

I

the evolution becomes backward parabolic
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Highly Anisotropic Surface Energies

For highly anisotropic v it may happen
D*y(v)[r,7] <0 forsomer L v
I
the evolution becomes backward parabolic
Idea: add a curvature regularization

F(h,u) := W(E(u)) dzdy + /

() + S|HP)do, p>2,2>0
Qp Ty p
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Highly Anisotropic Surface Energies

For highly anisotropic v it may happen
D*y(v)[r,7] <0 forsomer L v
4
the evolution becomes backward parabolic
Idea: add a curvature regularization

F(h,u) := W(E(u)) dzdy + /

() + S|HP)do, p>2,2>0
Qp Ty p

I

V=Ar [divF(Dw(u)) + W(E(u))

1 enter for
— €(AF(|H|p72H) - |H|p72H(KZ% aF /f% — ;’)H2>):| Elonth'nefar
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Highly Anisotropic Surface Energies in 2D

Regularized energy:

F(h,u) := W(E(u)) dxdy-l—/

Qh Tn

() + %k;Q)d’Hl

Why here p > 2: technical .. .in two dimensions, the Sobolev space Eem v
W2P embeds into CH®=2)/P jf p > 2
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Highly Anisotropic Surface Energies in 2D

Regularized energy:

F(h,u) := W(E(u)) dxdy-l—/

() + %k;Q)d’Hl
Qn Tn

I

V = (dive Dy(v) + W (B(w)~e (koo + 5’“3))MJ

Why here p > 2: technical ... in two dimensions, the Sobolev space [
W2 embeds into CLP=2/7 jf p > 2 e
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Highly Anisotropic Surface Energies in 2D

Regularized energy:

F(h,u) := W(E(u)) dzedy + / (v(v) + gk:Q)d’H1

Qp 'y

I

V = (dive Dy(v) + W (B(w)~e (koo + é’f?’))wJ

» ., Fusco, Leoni, and Morini (ARMA 2012): evolution of films in
two-dimensions

» F., Fusco, Leoni, and Morini (To appear in Analysis & PDE): evolution of
films in three-dimensions

(

Why here p > 2: technical ... in two dimensions, the Sobolev space [
W2 embeds into C-@=2/7 if p > 2 i
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The Evolution Law
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The Evolution Law

» Curvature dependent energies
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The Evolution Law

» Curvature dependent energies ~» Herring (1951)
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The Evolution Law

» Curvature dependent energies ~» Herring (1951)

» In the context of grain growth, curvature regularization was proposed by Di
Carlo, Gurtin, Podio-Guidugli (1992)
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The Evolution Law

» Curvature dependent energies ~» Herring (1951)

» In the context of grain growth, curvature regularization was proposed by Di
Carlo, Gurtin, Podio-Guidugli (1992)
» In the context of epitaxial growth, see Gurtin & Jabbour (2002)
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The Evolution Law

» Curvature dependent energies ~» Herring (1951)

» In the context of grain growth, curvature regularization was proposed by Di
Carlo, Gurtin, Podio-Guidugli (1992)

» In the context of epitaxial growth, see Gurtin & Jabbour (2002)

Given @, find h: R? x [0, Tp] — (0, +00) s.t.

1 0h .
ja = AF [leF(D'I/J(V)) + W(E(U))
—E(Ap(|H\7’_2H) - |H|P—2H(K§ K2 1H2)>} . inR2 x (0,Tp)
p
Here J := \/1 + | Dh|? Noninesr
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The Evolution Law

» Curvature dependent energies ~» Herring (1951)

» In the context of grain growth, curvature regularization was proposed by Di
Carlo, Gurtin, Podio-Guidugli (1992)

» In the context of epitaxial growth, see Gurtin & Jabbour (2002)
Given @, find h: R? x [0, Tp] — (0, +00) s.t.

L5 = A e (Du) + W(EW)
p—2 p—2 2 2 1 2 H 2
_E(Ar(uﬂ H) - |H]| H(Kl tehe ))} . inR2 x (0,Tp)
divCE(u) =0 inQy,
CE(u)[v)=0 onTy, u(x,0,t) = ep(x,0)
h(-,t) and Du(-,t) are Q-periodic
h(-,0) = ho

Center for
Here J =/ 1 + |‘l)h|2 Nonlinear

Analysis
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Some Related Results

» Siegel, Miksis, Voorhees (2004): numerical experiments in the case of
evolving curves

» Rétz, Ribalta, Voigt (2006): numerical results for the diffuse interface version
of the evolution
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» Siegel, Miksis, Voorhees (2004): numerical experiments in the case of
evolving curves

» Rétz, Ribalta, Voigt (2006): numerical results for the diffuse interface version
of the evolution

» Garcke: analytical results concerning some diffuse interface versions of the
evolution equation

» Bellettini, Mantegazza, Novaga (2007): analytical results concerning the
L2-gradient flow of higher order geometric functionals (without elasticity)
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» Siegel, Miksis, Voorhees (2004): numerical experiments in the case of
evolving curves

» Rétz, Ribalta, Voigt (2006): numerical results for the diffuse interface version
of the evolution

» Garcke: analytical results concerning some diffuse interface versions of the
evolution equation

» Bellettini, Mantegazza, Novaga (2007): analytical results concerning the
L2-gradient flow of higher order geometric functionals (without elasticity)

» Elliott & Garcke (1997), Escher, Mayer & Simonett (1998): existence results
for the surface diffusion equation without elasticity and without curvature
regularization, via semigroups technigues
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of the evolution

» Garcke: analytical results concerning some diffuse interface versions of the
evolution equation

» Bellettini, Mantegazza, Novaga (2007): analytical results concerning the
L2-gradient flow of higher order geometric functionals (without elasticity)

» Elliott & Garcke (1997), Escher, Mayer & Simonett (1998): existence results
for the surface diffusion equation without elasticity and without curvature
regularization, via semigroups technigues
University
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» no analytical results for the sharp interface evolution with elasticity sy«

Irene Fonseca ( Department of Mathematical Sciences Epitaxy and Dislocations AMS-EMS-SPM, June 12, 2015 24/43



The Gradient Flow Structure

» The evolution law is the gradient flow of the reduced energy F w.r.t a

suitable H~!-Riemannian structure
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The Gradient Flow Structure

» The evolution law is the gradient flow of the reduced energy F w.r.t a
suitable A ~!-Riemannian structure

» Consider the “manifold”

M = {Qh : his @ — periodic, / h= d}
Q
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The Gradient Flow Structure

» The evolution law is the gradient flow of the reduced energy F w.r.t a
suitable A ~!-Riemannian structure

» Consider the “manifold”
M = {Qh : his @ — periodic, / h= d}
Q
» The tangent space of admissible normal velocities is

To, M = {V : T » RV Q-periodic, | V =0},

IS

Carnegie
Mellon
University
Center for
Nonlinear

Analysis

Irene Fonseca ( Department of Mathematical Sciences Epitaxy and Dislocations AMS-EMS-SPM, June 12, 2015 25/43



The Gradient Flow Structure

» The evolution law is the gradient flow of the reduced energy F w.r.t a
suitable A ~!-Riemannian structure

» Consider the “manifold”
M = {Qh : his @ — periodic, / h= d}
Q
» The tangent space of admissible normal velocities is

To, M = {V : T » RV Q-periodic, | V =0},

Tn
endowed with the H ~!-scalar product
g0, (Vl, ‘/2) = Vph’leFhwg do for all Vi, Vo € TQhM s
I'n

where w;, 1 = 1, 2, is the solution to
—Ar,wi=Vi  only, (e
w; is Q-periodic, Centerfor

e

Jp, wido =0. naly
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The Gradient Flow Structure, cont.

» Consider the reduced functional

F(h, u) ~ F(Qh) = F(h, uh)

where uy, is the elastic equilibrium in Q.
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The Gradient Flow Structure, cont.

» Consider the reduced functional
F(h, u) s F(Qh) = F(h, uh)

where uy, is the elastic equilibrium in Q.

» The evolution law is formally equivalent to

9 (V. V) = —OF (Qupy)[V]  forall Ve Ta, M,

where 8F(Qh(t))[f/] = first variation of F' at €2y, in the direction V.
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The Gradient Flow Structure, cont.

» Consider the reduced functional
F(h, u) ~ F(Qh) = F(h, uh)

where uy, is the elastic equilibrium in Q.

» The evolution law is formally equivalent to

9o, (V. V) = =0F () [V]  forall V e Ty, M,
where 8F(Qh(t))[f/] = first variation of F' at €2y, in the direction V.

» First observed by Cahn &Taylor (1994) in the context of surface diffusigfus-
University
Nonincar
Analysis
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Minimizing Movements Approach to Gradient Flows
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Minimizing Movements Approach to Gradient Flows
» H Hilbert space

» [': H— R, Fofclass C!

u(0) = ug
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Minimizing Movements Approach to Gradient Flows
» H Hilbert space

» [': H— R, Fofclass C!

{u = —VuF(u)

u(0) = ug

Semi-implicit time-discretization: Set wy := uo and let w; the solution to

1
ind F M — w112
ggg{ (W) + o llw = ws 1||H}J
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Minimizing Movements Approach to Gradient Flows
» H Hilbert space

» [': H— R, Fofclass C!

U= —VHF(U)
u(0) = ug

Semi-implicit time-discretization: Set wy := uo and let w; the solution to

1
ind F M — w112
glg{ (w) + 5= lw = w; 1||H}J

The discrete evolution converges to the continuous evolution as 7 — 0
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u(0) = ug

Semi-implicit time-discretization: Set wy := u¢ and let w; the solution to

. 1
gg{ﬂw) T ;nw—wz-_lnif}J

The discrete evolution converges to the continuous evolution as 7 — 0

» This approach can be generalized to metric spaces ~» De Giorgi’s
minimizing movements o
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Minimizing Movements Approach to Gradient Flows
» H Hilbert space

» [': H— R, Fofclass C!

{u = —VuF(u)
u(0) = ug

Semi-implicit time-discretization: Set wy := u¢ and let w; the solution to

. 1
glelg{F(w) T ;nw—wz-_lnif}J

The discrete evolution converges to the continuous evolution as 7 — 0

» This approach can be generalized to metric spaces ~» De Giorgi’s
minimizing movements e

University
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» In the context of geometric flows ~» Almgren-Taylor-Wang. Nonlinear
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The Minimizing Movements Scheme in Our Case

»GivenT >0, N e N,we setr:= L. Fori=1,..., N we define inductively

N

(hi,u;) as the solution of the incremental minimum problem

Irene Fonseca ( Department of Mathematical Sciences Epitaxy and Dislocations

Center for
Nonlinear
Analysis

AMS-EMS-SPM, June 12, 2015 28/43



The Minimizing Movements Scheme in Our Case

»Given T >0, N € N,we set 7 := %.. Fori = 1,..., N we define inductively

(hi,u;) as the solution of the incremental minimum problem

1
min F(h,u) + o / |Dl“hi4wh|2d3"i2
r

(h,u) admissible T JTh,_,
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The Minimizing Movements Scheme in Our Case

»Given T >0, N € N,we set 7 := %.. Fori = 1,..., N we define inductively

(hi,u;) as the solution of the incremental minimum problem

1
min F(h, ’LL) @ = / |DFh-71wh|2dH2
(h,u) admissible 21 Jr,,, '
[Dhllos < C
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The Minimizing Movements Scheme in Our Case

»Given T >0, N € N,we set 7 := %.. Fori = 1,..., N we define inductively

(hi,u;) as the solution of the incremental minimum problem

1
o , )
min F(h,u) + > |DFhi71wh| o
(h,u) admissible 7 Jra,
IDhlee < C
where .
— -1
Arhi—lwh = e = VQh, 7
1+ |Dh;_q|
2 _
/ wpdH” = 0.
Fhi—1
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. 1
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The Discrete Euler-Lagrange Equation

» The Euler-Lagrange equation of the incremental problem is

“un, = divr,, (DY) + W (B ()

— e Q21 — P2 ()7 + ()? = - 1))
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The Discrete Euler-Lagrange Equation

» The Euler-Lagrange equation of the incremental problem is

1 .
—wh, = divr, (DY) + W(E(uw:))
. 4 1
_ AP—=271r.\ _ |1P—2 7. 7\2 i\2 _ g2
(v, (HP 2 H) = Hl =2 Hy (61 + (s3)° — 7))
» By applying Ar,  to both sides, we formally get
hi—1
1 hy—hi .
7__1% = Arp,,_, (divr, (DY) + W(E(us))
, , 1
o P—27rr.\ _ P—277. i\2 i\2 _ T 2
(e, (Hal=2H) = [Hal = H(s1)? + ()7 — 217 ) )|
Conteror
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The Discrete Euler-Lagrange Equation

» The Euler-Lagrange equation of the incremental problem is

“un, = divr,, (DY) + W (B ()

- €(Arhi (|Hi|P~H;) — |Hz‘|p_2Hz‘((f€’i)2 + (K3)? — 1Hf))

» By applying Ar,  to both sides, we formally get

1 h; — h;— .
7__1% = Ar,__, |divr,, (DY(v)) + W(E(u;))
, , 1
—e(Ar,, (B2 H) — [Hap = Hy(s1)? + ()7 — 17 ) )|
Conterfor
this is a discrete version of the continuous evolution law pudied
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Estimates

> hN('at) =hi_1+ w(hz — hi—l)

Irene Fonseca ( Department of Mathematical Sciences
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Estimates
>hN('at) :hi—l+w(hi—hi_1) if (i—l)TStSiT

Basic energy estimate:

1
F(hl,ul) A Z/

|DFhi71wh|2d'H2 < F(hi—1,ui—1) J
r

hi—1
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Estimates
>hN('at) :hi—1+@(hi—hi_1) if (i—l)TStSiT

Basic energy estimate:

1
F(hi,ui) A Z/

Thi_q

|Dr,, , whl|*dH® < F(hi—1,ui-1) J

o SN R = hicallZs < SN (F(hit,wim1) — F(hiyui)) < CF(ho, uo)
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Estimates
>hN('at) :hi—1+@(hi—hi_1) if (i—l)TStSiT

Basic energy estimate:

1
F(hi,ui) + Z/

Thi_q

|Dr,,, wp?dH?* < F(hi—1,ui1) J

~> Zf\;l i = hiall%-1 < Zf\il (F(hi—1,ui—1) — F(hi,u;)) < CF(ho,uq)
(8
{hn} is bounded in H'(0,T; H™')
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Local in Time Existence of Weak Solutions

» Previous estimates+interpolation inequalities+higher regularity+

compactnes argument
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Local in Time Existence of Weak Solutions

» Previous estimates+interpolation inequalities+higher regularity+
compactnes argument ~ hy — h (up to a subsequence)
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Local in Time Existence of Weak Solutions

» Previous estimates+interpolation inequalities+higher regularity+
compactnes argument ~ hy — h (up to a subsequence)

» h is a weak solution in the following sense:
Theorem (Local existence)

h € L=(0, To; W(Q)) N H(0, To; H,'(Q)) is a weak solution in [0, Ty] in the
following sense:
() dive(D$(v)) + W (E(w)) - e(Ar(HP~2H) - L|HPPH + |[HP~>H|BJ?) €
LQ(OvTO; H#(Q)):
(i) fora.e.t € (0,Tp)

198 — Ar|dive(D$(v)) + W (B(w))

- s(Ar(IHlp’QH) - |H|P*2H(/-c% K3 %H2>)} in H;'(Q).

v
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Uniqueness and regularity in 2D

Theorem

In two dimensions:
(i) The weak solution is unique.
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Uniqueness and regularity in 2D

Theorem

In two dimensions:
(i) The weak solution is unique.

(i) Ifho € H3, 1 € C4, then the solution is in H' (0, Ty; L?) N L2(0, Ty; H®).

Carnegi
Mellon
University

Center for
Nonlinear
Analysis
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Global in Time Existence and Asymptotic Stability

Consider the regularized surface diffusion equation

Len_ [divrw(u)) + W (E(u))

—e(Ac(HP=2H) - |HP~2H (53 + 15 - %H 2))}

Detailed analysis of Asaro-Tiller-Grinfeld morphological stability/instability by
Bonacini, and F., Fusco, Leoni and Morini:

o if d is sufficiently small, then the flat configuration (d, u4) is a volume
constrained local minimizer for the functional

G(h,u) = W(E(u))dz + P(v)dH?.
Qn T
d small enough = the second variation 92G(d, u4) is positive definite Uibwety
= local minimality property. Norinear
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Global in Time Existence and Asymptotic Stability —

Main Result

Theorem

Assume that D*i(e3) > 0 on (e3)* and 9°G(d, ug) > 0. There exists ¢ > 0 s.t.

if ||ho — d|lw2r < e and/ ho = d, then:
Q

(i) any variational solution h exists for all times;

(i) h(-,t) = d in WP ast — +oo.
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Liapunov Stability in the Highly Non-Convex Case
Consider the Wulff shape

Wy = {z€R3: z~u<¢(u)forallueSQ}J

/..,

)4

\\
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Liapunov Stability in the Highly Non-Convex Case
Consider the Wulff shape

Wy = {z€R3: z~u<¢(u)f0ra|ll/652}J

/_,

Theorem (F.-Fusco-Leoni-Morini)

Assume that W, contains a horizontal facet. Then for every d > 0 the flat
configuration (d,uq) is Liapunov stable, that is, for every o > 0 there exists
0(o) >0 s.t.

Joho=d, |ho —dlwz» <d(0) = |[h(t) — d|lw=» < o forallt > 0.

v
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And Now ... Epitaxy and Dislocations
lattice-mismatched semiconductors — formation of a periodic dislocation network at
the substrate/layer interface

dislocation
de Lomer

nucleation of dislocations is a mode of strain relief for sufficiently thick films

Nonlinear
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And Now ... Epitaxy and Dislocations
lattice-mismatched semiconductors — formation of a periodic dislocation network at
the substrate/layer interface

dislocation
de Lomer

nucleation of dislocations is a mode of strain relief for sufficiently thick films

e when a cusp-like morphology is approached as the result of an increasingly
greater stress in surface valleys, it is energetically favorable to nucleate a,,...

Mellon

dislocation in the surface valley Cniveriy

Center for
Nonlinear

o dislocations migrate to the film/substrate interface and the film surface *™*

Nhnlnn
Epitaxy and Dislocations AMS-EMS-SPM, June 12, 2015 36/43
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Microscopic Level

@ Perfect crystals

Figure : Courtesy of James Hedberg
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Microscopic Level

@ Defects in crystalline materials

SONRVeBI0e

I [ol 1Y
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Figure : Courtesy of Helmut Foll
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Microscopic Level

@ Line defects in crystalline materials. Orowon (1934); Polanyi (1934),
Taylor (1934).

Figure : Courtesy of NTD
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Microscopic Level

@ Edge dislocations,
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Microscopic Level

@ Edge dislocations,
@ Burgers vector, Burgers (1939)
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Microscopic Level

@ Edge dislocations,
@ Burgers vector, Burgers (1939)
@ Dislocation line
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Figure : Courtesy of J. W. Morris, Jr ey
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Microscopic Level

@ Screw dislocations
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Figure : Courtesy of Helmut Foll
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Microscopic Level

@ Screw dislocations
@ Burgers vector

Carnegie

Mellon’

University
Center for

Figure : Courtesy of Helmut Foll
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Epitaxy and Dislocations: The Model
The Energy: vertical parts and cuts may appear in the (extended) graph of &

G(h,u) == / [u|E(u)|2 + %(dim)ﬂ dz +yHY(Tp) + 29H (Z),
Qp

Xpi={(z,y) :  €0,b), h(z) <y < min{h(z—),h(z+)}} setof vertical cuts

h(z=£) ...the right and left limit at =
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Epitaxy and Dislocations: The Model

The Energy: vertical parts and cuts may appear in the (extended) graph of &

G(h,u) == / [u|E(u)|2 + %(dim)ﬂ dz +yHY(Tp) + 29H (Z),
Qp

Xpi={(z,y) :  €0,b), h(z) <y < min{h(z—),h(z+)}} setof vertical cuts

h(z=£) ...the right and left limit at =

...now with the presence of isolated misfit dislocations in the film
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Epitaxy and Dislocations: The Model With Dislocations

System of Dislocations located at z1, . . ., z; with Burgers Vectors by, ..., by

k
curl H = Z b;0,, strain field compatible with the system of dislocations

=1
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Epitaxy and Dislocations: The Model With Dislocations

System of Dislocations located at z1, . . ., z; with Burgers Vectors by, ..., by

k
curl H = Z b;0,, strain field compatible with the system of dislocations
1=1

the elastic energy associated with such a singular strain
is infinite! J
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Epitaxy and Dislocations: The Model With Dislocations

System of Dislocations located at zq, . . ., 2z with Burgers Vectors by, ..., by

k
curl H = Z b;0,, strain field compatible with the system of dislocations
1=1

the elastic energy associated with such a singular strain
is infinite! J

Strategy:

e remove a core B, (z;) of radius o > 0 around each dislocation
OR

« regularize the dislocation measure o := °% | b,é., through il

University
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Epitaxy and Dislocations: More on the Model With
Dislocations

curl H =0 % pyy . pry, := (1/78)p(-/ro)  standard mollifier

Total energy associated with a profile h, a dislocation measure ¢ and a strain
field H

F(h,o,H) := / [M|H5ym|ﬂ+%(tr<ﬂ))2] dz + yH (Ty) + 29HN ().

Qp
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Dislocations

curl H =0 % pyy . pry, := (1/78)p(-/ro)  standard mollifier

Total energy associated with a profile h, a dislocation measure ¢ and a strain
field H

F(h,o,H) := / [M|H5ym|ﬂ+%(tr<ﬂ))2} dz + yH (Ty) + 29HN ().

Qp

What we ask : Assume that a finite number k of dislocations, with given
Burgers vectors B := {by,...,b;} C R?, are already present in the film

Optimal Configuration? J
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What We Know

Theorem
The minimization problem

min{F(h,0,H) : (h,0,H) € X(eg;B), || =d}.

admits a solution.

The equilibrium profile h satisfies the same regularity properties as in the
dislocation-free case:

Theorem
(h,5,Hy ,) € X (eo; B) minimizer.
Then h has at most finitely many cusp points and vertical cracks, its graph is

of class C'' away from this finite set, and of class C':*, o € (0, 1) away from
this finite set and off the substrate.

Major difficulty: to show that the volume constraint can be replaced by a (-

University

volume penalization. Dislocation-free case — straightforward truncation: i

Nonlinear

argument. This fails here because dislocations cannot be removed in thisiss
way, they act as obstacles
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Migration to the Substrate

Analytical validation of experimental evidence:
after nucleation, dislocations lie at the bottom !

Theorem
Assume B # 0, d > 2rgb.

There existe > 0 and 5 > 0 such that whenever |ey| > €, v > 7, and
60(bj . el) >0 fora//bj € B,

then any minimizer (h,&, H) has all dislocations lying at the bottom of Qy, :
the centers z; are of the form z; = (x;,1¢).

..............
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When is Energetically Favorable to Create
Dislocations?

Assume that the energy cost of a new dislocation is proportional to the square
of the norm of the corresponding Burgers vector (Nabarro, Theory of Crystal
Dislocations, 1967 )

New variational problem:
minimize F'(h,o,H) + N(o)

We identify a range of parameters for which all
global minimizers have nontrivial dislocation measures.

Theorem
Assume that there exists b € B° such thatb - e; # 0, and let d > 2rgb.
Then there exists 5 > 0 such that whenever |ey| > €, and v > 7,

then any minimizer (h,&, H) has nontrivial dislocations, i.e., & # 0.

ANalysis
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Open Problems and Future Directions
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Open Problems and Future Directions

» What if the substrate is exposed, i.e., with initial profile 2y > 0 but
[{ho =0}/ >0
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» Unigueness in three-dimensions

» More general global existence results

» The non-graph case

» The convex case, without curvature regularization

» More general H—“-gradient flows: the nonlocal Mullins-Sekerka law

..............

» Dislocations! Uity
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