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Lefschetz Properties

Theorem (Hard Lefschetz Theorem)

Hn—k(X) L?k) HrH-k(X)

when X is a smooth variety in P¢. and n=dim X.

A standard graded artinian algebra A has the Weak Lefschetz
Property (WLP) if for some ¢ € [A]4

X0 Al —> [Alis

has maximal rank for all i. It has the Strong Lefschetz Property
(SLP) if
X% [Al — [Alisk

has maximal rank for all i and k.



General and special complete intersections

It is known that

» all monomial complete intersections have the WLP and SLP
(Stanley)

» and it follows that the general complete intersection has it

» all complete intersections in k[x, y, z] have the WLP.
(Harima, Migliore, Nagel and Watanabe)

The WLP does not distinguish between the general complete
intersection and the monomial complete intersection.

It is unknown whether
» all complete intersections in k[x, y, z, w] have the WLP.
» all Gorenstein algebras in k[x,y, z] have the WLP.



The non-Lefschetz locus

Definition

Given an artinian algebra A = k[x1, X2, ..., Xn]/l, the
non-Lefschetz locus, . is the set of linear forms ¢ in (P"~1)*
such that

A [A], — [A]i+1

fails to have maximal rank.

Remark

The non-Lefschetz locus is cut out by determinantal conditions
which makes it into a subscheme of (P"~1)*.

Proposition

If ha(i) < ha(i+1) < ha(i+2) and [Soc A]; = 0 then
(L)1) € I(Z00)-



Expected codimension and degree

Since /(.7 ;) is determinantal we have
codim.Z;; < min{hi 1 —hi+1,n}

if by < hi11. We say that .7} ; has the expected codimension if we

have equality and then the degree is known to be (h,+1hi+ﬁ,-+1)-

Remark

For Gorenstein algebras, only the middle degrees are relevant.

Conjecture

For a non-empty open subset of the space of complete
intersections of type (d,ds,...,dn), £ has the expected
codimension.



Monomial complete intersections

Letl= <x1 ,xgz, xﬁ”> C K[x1,X2,...,Xn] with
2<dy <d <---<dp Then the following characterization holds:

1. Ifdp > 29 then ¢ = Y aix; is in % if and only if a = 0.

2. Ifd, < 29" and the socle degree is even, then ( = ¥ aix;
is in <) if and only if aj = 0 for some j with d; > 2 or a; =0
for at least two indices | with d; = 2

3. Ifd, < %M and the socle degree is odd then £ =Y. a;x;
is in % if and only if a; = 0 for some index i.

The codimension can be one or two and the non-Lefschetz locus
does not need to be unmixed.




General complete intersections

Theorem

The non-Lefschetz locus &, has the expected codimension for
I = (Fy,Fo, F3,Fs) C K[Xy,Xo,X3,X4] in @ non-empty open subset
of the space of complete intersections of forms of degrees

dy < db <0z < dy.

Remark

In particular, the non-Lefschetz locus is non-empty if and only if
hl_e;w — hLe 1) < 2, where e =Y 4 —4 is the socle degree. This
happens when dy>di+d>+0a3or
—di+b+d3<dy<di+db+dzand dy+do+0dz3—ds <4or
s <—dy+db+0dzand dy <2.

Proof

We use an incidence correspondence, linkage and a dimension
formula by Conca and Valla. Ol



General Gorenstein algebras in three variables

Let A= K[x,y,z]/I be a "general” artinian Gorenstein algebra
with h-vector h= (hg, hy, ..., he).
1. If hj= h;,1 forsome 1 < i < e then £ has codimension one,
which is the expected codimension.
2. Ifeis even and hgjo > he/2_1 then £ has the expected
codimension if and only if

(90,91,----9e/2) = (ho,h1 —ho,... . hgjp — hejo_1)

is an h-vector of decreasing type.

Proof.
We use points in UPP and the structure theorem by Buchsbaum
and Eisenbud which forces a GCD when we don’t have

decreasing type. O



