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* Z={..,-2,-1,0,1,2,...}
* N={0,1,2,...}

Definition
> S numerical semigroup = S cofinite submonoid of (N, +).

Definition
» x ¢ S is the Frobenius number of S if x+s € S for all s e N\ {0}.
> x ¢ S is a pseudo-Frobenius number of S if x+s € S for all s € S\ {0}.

*

PF(S) = {Pseudo-Frobenius numbers of S}
t(S) = #PF(S) = type of S

F(S) = Frobenius number of S

F(S) = max(PF(S)) = max(Z\ S)

m(S) = min(S\{0})

*

*

*

*
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Motivation (1)

* fe N\ {0}
% S(f) = {S numerical semigroup | F(S) = f}
x S(f) #0 for all f e N'\ {0}

« There are algorithms to compute S(f)
(Rosales, Garcia-Sanchez, Garcia-Garcia, Jiménez-Madrid, J. Pure Appl. Algebra 189, 2004)

+* PF=1{g1,02,...,0n-1,gn} S N'\ {0}
#x S(PF) = {S numerical semigroup | PF(S) = PF}
xx S(PF)#0ifn=1
++ S(PF) may be empty if n > 2

S(PF)

xx S(PF) is finite when it is non-empty
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Motivation (2)

Questions
1. Find conditions on the set PF that ensure that S(PF) + 0.
2. Find an algorithm to compute S(PF).

Solved cases
> PF = {f}: symmetric numerical semigroups.
(Blanco, Rosales, Forum Math. 25, 2013)
> PF = {f, é}: pseudo-symmetric numerical semigroups.
(Blanco, Rosales, Forum Math. 25, 2013)
> Question 1 for PF = {g1, go}.

(Robles-Pérez, Rosales, preprint)
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Motivation (3)

Proposition
> Let g1,9» be two positive integers such that g1 < go». Let us take

{ 2g1 -0 ifgo is 0dd,
> Letg* =

g1—% ifgo is even.
> There exists a numerical semigroup S such that PF(S) = {g1, g} if
and only if
92

> <o 9191, 9192, g 1(92—-91).

Example

> PF ={11,15} is an admissible set of pseudo-Frobenius numbers.
» S=(6,7,10) and S =(7,9,10,12,13).
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Motivation (4)

Example
> PF ={9,15} is not a set of pseudo-Frobenius numbers.
(gr=2%x9-15=3)

> PF ={9,10,15} is a set of pseudo-Frobenius numbers.
S =(4,13,14,19).
(91 =2%x9-15=3, 9; =2x9-10=8, g; =2%x10-15=15)

Example
» PF={12, 18} is not a set of pseudo-Frobenius numbers.
(g'=12-% =3

> PF= {12,16,18} is a set of pseudo-Frobenius humbers.
S =(7,10,13,15,19).
(g1_12—— 3, g2_12—— 4, 93_16——:7)
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A simple idea to compute S(PF): by filtering S(max(PF))

gap> pf := [17,27];;

gap> nsf27 := NumericalSemigroupsWithFrobeniusNumber (27);;time;
12062

gap> Length(nsf27);

16132

gap> nspfl727 := Filtered(nsf27, s -> PseudoFrobeniusOfNumerical
Semigroup(s) = pf);;time;Length(nspfl727);

1313

5

gap> pf := [19,29];;

gap> nsf29 := NumericalSemigroupsWithFrobeniusNumber (29);;time;
43281

gap> Length(nsf29);

34903

gap> nspfl1929 := Filtered(nsf29, s -> PseudoFrobeniusOfNumerical
Semigroup(s) = pf);;time;Length(nspf1929);

3171

13
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Alternatives

x Determine the elements and the gaps (“forced” integers) of all
numerical semigroups with the given set of pseudo-Frobenius
numbers, obtaining a list of “free” integers. We then construct a tree
in which branches correspond to assuming that free integers are
either gaps or elements.

x% Use irreducible numerical semigroups: from each irreducible
numerical semigroup we start removing minimal generators with
certain properties to build a tree whose leafs are the numerical
semigroups we are looking for.
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Forced and free integers

* PF=1{g1.02.....9n-1.9n} a given set ( N'\ {0})
x £ € GF (PF)if €is a gap of any S € S(PF)
x e &EF (PF)if£<gn+1anditis an element of any S € S(PF)

Proposition
> S(PF) # 0 if and only if GF (PF)NEF (PF) = 0.

xx Free(PF)={1,...,gn}\ (GF (PF)UEF (PF))

Example
> PF={4,17,21}
> GF (PF)=1{1,2,3,4,5,7,9,13,17,21}
» &F (PF) =1{8,12,14,16,18,19,20}
> Free(PF)=1{6,10,11,15}
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Starting forced gaps (1)

Lemma
> Let S be a numerical semigroup.

> Thenm(S) > t(S)+1.

Lemma
> LetPF(S) ={g1 < g2 <--<gn-1 < gn}, withn> 1.
> Letie{2,...,t(S)}and g e (PF(S)) with g < g;.
> Thengi—gegaps(S)=N\S.

* The set of positive divisors of
PF(S)U{xeN|1<x<t(S)}u
{gi—glief2.....u(S)}.g € (PF(S)).gi > 9}
is a subset of gaps(S).
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Starting forced gaps (2)

* PE={g1 <g2 <-:-<gn-1<gn}(n>1)
« Let sfg(PF) be the set of positive divisors of

PFU{xeN|1<x<nlu{gi—-glief2,...,n},ge(PF),gi>g}.

Corollary
> Let PF be a set of positive integers.
» Then sfg(PF) c GF (PF).

Example
> PF ={4,9} = sfg(PF) = {1,2,3,4,5,9}
> PF ={11,17} = sfg(PF) = {1,2,3,6,11,17}
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Initial necessary condition

Lemma
> Let S be a numerical semigroup.
> Thenx €Z\ S ifand only if f —x € S for some f € PF(S).

Lemma
> LetPF(S)=PF={g1 <---<gn}.
> Letie{2,...,n} and g € (PF)\ {0} with g < g;.
> Then there exists k € {1,...,n} such that gx — (gi—g) € S.

Corollary
> 91 29n—9n-1-

Example
> PF=1{4,9) = S(PF) =0
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Forced elements: big forced elements

Lemma
> Let S be a numerical semigroup such that m(S) = m.
> ThenF(S)—ie SUPF(S) forallie{1,...,m}.

Consequence
> Let fg(PF) C GF (PF).
> Let m = min(N\ (fg(PF)U{0})).
> Then max(PF)—-ie &F (PF)UPF forall i {1,...,m}.

Example
> PF={4,9} = fg(PF) = sfg(PF) ={1,2,3,4,5,9} = bfe(PF) = {5,6,7,8}
Contradiction!

> PF ={11,17} = fg(PF) = sfg(PF) = {1,2,3,6,11,17} =
bfe(PF) = {14,15,16}
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Forced elements: elements forced by exclusion (1)

Lemma
> Let S be a numerical semigroup.
> Then x € Z\ S ifand only if f — x € S for some f € PF(S).

Consequence
> Let x € fg(PF) € GF (PF).
> If there exists a unique f* € PF(S) such that f* — x ¢ fg(PF), ...
> ...then f* — x € efeq (PF) € EF (PF).

Example

~ PF = {11,17) = fg(PF) = sfg(PF) = {1,2,3,6,11,17} =
efe1(PF) = {5}
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Forced elements: elements forced by exclusion (2)

Lemma
> Let S be a numerical semigroup.
» Thenx e Sifandonlyiff—x ¢S for all f € PF(S).

Consequence
> Let x ¢ fg(PF) Ubfe(PF) Uefe(PF).
> If f—x e fg(PF), for every f e PF, ...
> then x € efeo(PF) € EF (PF).

Example

* PF={11,17} = fg(PF) = sfg(PF) = (1,2,3,6,11,17} =
bfe(PF) Uefes (PF) = {5,14,15,16) = efep(PF) = 0

« fe(PF) = (bfe(PF) Uefeq(PF) Uefex(PF)) N [1,max(PF)] € EF (PF)
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Further forced gaps

Remark
> Let S be a numerical semigroup.
> Letee S andf e gaps(S).
» Thenf—e <0 orf-eegaps(S).

Consequence
> Let fg(PF) € GF (PF) and fe(PF) C &7 (PF).
> Then A = (fg(PF) —e) NN ¢ ffg(PF) € G¥ (PF) for every e € fe(PF).

Example

> PF ={11,17} = sfg(PF) = {1,2,3,6,11,17} =
fe(PF) = {5,10,14,15,16} => A = {7,12}

« ffg(PF) = {Positive divisors of sfg(PF)U A} € GF (PF)
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Algorithm 1

« PF

x PF = sfg(PF)
« PF, sfg(PF) = fe(PF)

« PF, sfg(PF), fe(PF) = ffg,(PF)
« PF, fig, (PF), fe(PF) = ffeq (PF)

« PF, fig, (PF), ffe1(PF) = ffg,(PF)
« PF, figy(PF), fie; (PF) = ffep(PF)

« Repeat until fig, | (PF) = ftg,(PF) and ffex 1 1(PF) = ffex (PF)

« ffg, (PF) € GF (PF), ffex(PF) C &F (PF)
[1,max(PF)] \ (ffg, (PF) U ffex (PF)) 2 Free(PF)

*
*
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Example
« PF={11,17

}
+ PF={11,17} = sfg(PF) ={1,2,3,6,11,17}
x PF={11,17}, sfg(PF) ={1,2,3,6,11,17} = fe(PF) = {5,10,14,15,16}

+ PF={11,17}, sfg(PF) = {1,2,3,6,11,17}fe(PF) = {5,10,14,15,16} =
ffg,(PF) ={1,2,3,4,6,7,11,12,17}

« PF={11,17}, fig,(PF) = {1,2,3,4,6,7,11,12,17}, fe(PF) =
{5,10,14,15,16} = ffe1(PF) = {5,10,13,14,15,16}

« PF={11,17}, fig,(PF) = {1,2,3,4,6,7,11,12,17}, ffe4(PF) =
{5,10,13,14,15,16} = ftg,(PF) = {1,2,3,4,6,7,11,12,17)}

«+ PF={11,17}, fig,(PF) = {1,2,3,4,6,7,11,12,17}, ffe4(PF) =
{5,10,13,14,15,16} = fteo(PF) = {5,10,13,14, 15,16}

w ffg,(PF) = GF (PF) ={1,2,3,4,6,7,11,12,17}
s flep(PF) = &F (PF) = {5,10,13,14,15, 16}
«« Free(PF) = {8,9}
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Example

« PF={11,17}, fiey(PF) = GF (PF) = {1,2,3,4,6,7,11,12,17}
fieo(PF) = EF (PF) = {5,10,13,14,15,16}, Free(PF) = {8,9}

= Algorithm 1 with ffg(PF) = {1,2,3,4,6,7,11,12,17} and
ffe(PF) = {5,8,10,13,14,15,16}
S=¢(5,8,14)={0,5,8,10,13,14,15,16,18, >}

= Algorithm 1 with ffg(PF) = {1,2,3,4,6,7,8,11,12,17} and
ffe(PF) {5,10,13,14,15, 16}
S =(5,9,18,16) ={0,5,9,10,13,14,15,16,18,—}
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Example

*

PF = {15,20,27,35}

« sfg(PF)=1{1,2,3,4,5,6,7,8,9,10,12,15,20, 27,35}
= fe(PF) ={19,283,25,26,28,29,30,31,32,33,34}

fig,(PF) = {1,2,3,4,5,6,7,8,9,10,12,15,16,20,27,35}
« ffeq(PF) = {19,23,25,26,28,29,30,31,32,33,34)
(PF)
(PF)

ffeg PF

{1,2,3,4,5,6,7,8,9,10,12,15,16,20,27, 35}
{19,23,25,26,28,29,30,31,32,33, 34}

w ffgy(PF) = (1,2,3,4,5,6,7,8,9,10,12,15,20,27,35} C GF (PF)
= flep(PF) = (19,28,25,26,28,29,30,31,32,33,34) C &7 (PF)
« Free(PF) C {8,9}
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Example: PF = {15,20,27,35}
{1,2,3,4,5,6,7,8,9,10,12,15,16,20,27,35} C g?—‘(PF)
{19,23,25,26,28,29,30,31,32,33,34} C EF (PF)

Free(PF) € {11,13,14,17,18,21,22,24)}
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Numerical semigroups with pseudo-Frobenius numbers {15,20,27,35}
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Running times

gap>
gap>
gap>
0
2

gap>
gap>
gap>

gap>
gap>
gap>
16
13

pf:=[11,17];;
ans:=NumericalSemigroupsWithPseudoFrobeniusNumbers (pf);;
time;Length(ans);

pf:=[17,27];;
ans:=NumericalSemigroupsWithPseudoFrobeniusNumbers (pf);;
time;Length(ans);

pf:=[19,29];;
ans:=NumericalSemigroupsWithPseudoFrobeniusNumbers(pf);;
time;Length(ans);
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Using irreducible numerical semigroups

Proposition
Let S be a nonirreducible numerical semigroup with
PF(S) ={g1 <--- < gk}, k > 2. Then there exists a chain

S=5cS =Sui{xq}c---c§=SU{xq,....x},

with

(1) Sy irreducible,

(2) xi=max(S/\ Si—1) forallief1,...,1},
(3) (gk/2,9x)NPF(S) c S},
(4)

4) foreveryie{1,...,1}, xj is a minimal generator of S; such that
gi—xi € Sjforsomeje{l,... k},

(5) foreveryie{1,...,1} and f € PF(S;) with f + g, there exists
jefl,...,k—=1} such that gi—f € S;.
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Example

* |rreducible numerical semigroups with F(T;) =17

Hk

kK

k3k

Hk

Hok

3k

Hk

sk

3k

Hk

sk

3k

Hk

sk

3k

T =(2,19)
T2 =(3,10)
T3 = (4,6,15)
Ta=(4,7)

Ts =(4,10,11)

Te =(5,8,11,14)

T7 =(5,9,11,13)

Ts =(6,7,8)

To =(6,7,9)

T10 =(6,8,10,13,15)

T11 =(6,9,10,13,14)

T2 =(7,8,11,12,13)

T3 =(7,9,11,12,13,15)
T14=¢8,10,11,12,13,14,15)
Ti5 =(9,10,11,12,13,14,15,16)

x Numerical semigroups with PF(S;) = {11,17}

K3k

3k

S1=Ts\ {11} =(5,8,14)
So =T7\{11}=(5,9,13,16)
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